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The Effect of Variable piss 
-onductivity on MHD Energy Converter 


Performance 


W. B. COE 


NONMEMBER AIEE 


HE CONCEPT OF a magneto- 
hydrodynamic (MHD) energy con- 
erter presents a means of converting 
ome of the kinetic and thermal energy of 
plasma directly into useful electrical 
ork. The principle upon which its opera- 
ion is based is that of passing a moving 
lasma through a transverse magnetic 
eld, thereby inducing an electromotive 
stce (emf) in the plasma. By complet- 
ag the circuit through an external load, 
current is then permitted to flow. The 
nalysis of such a device is complicated 
y the fact that the working fluid is a 
ompressible medium, subject not only 
o the laws of compressible fluid flow, but 
0 the laws of electromagnetism as well. 
The potentialities of the MHD energy 
onverter were investigated by Neurin- 
er,’ who applied the techniques of the cal- 
ulus of variations to obtain an appro- 
riate set of differential equations govern- 
ng the conditions under which the maxi- 
num amount of useful electrical power 
ould be generated. Although the equa- 
ions he derived are quite general, they 
an be integrated in closed form only 
4 special cases. One of the cases to 
yhich Neuringer applied these equa- 
a and obtained solutions was that 
f a converter with constant cross-sec- 
ional area and with constant plasma 
lectrical conductivity. The results of 
4 study showed that appreciable 
ounts of energy could be converted into 
electrical work. 
"4 subsequent investigation undertook 
© obtain solutions to a set of differential 
‘quations governing the performance of 
eMHD converter. The equations were 
tten for a varying channel cross-sec- 


yer 60-1028, recommended by the AIEE Aero- 
ce Transportation Committee and approved by 
; AIEE Technical Operations Department for 
ntation at the AIEE Pacific General Meeting, 
Diego, Calif., August 8-12, 1960. Manuscript 
itted May 12, 1960; made available for print- 
pril 17, 1961. 
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tional area and allowed the electrical con- 
ductivity of the plasma to depend on its 
local thermodynamic properties. These 
equations were programmed for numerical 
solution on an International Business 
Machine Corporation (IBM) 704 digital 
computer, The results of the computa- 
tion permit the investigation of the per- 
formance of the converter for other 
than maximum energy conversion. A 
preliminary study? confined itself to a 
constant cross-sectional area converter 
with an assumed constant plasma con- 
ductivity. 

This paper reports the results of a 
similar performance study of a constant 
area channel in which the electrical con- 
ductivity of the plasma is dependent on 
its local thermodynamic properties. 


Assumptions 


There are a number of assumptions 
and approximations in the derivation of 
the equations governing the performance 


of the MHD energy converter. These in- 
clude: 
“1. One-dimensional flow, ie., the fluid 


dynamical state variables vary in the flow 
direction only, and not over the cross sec- 
tion. 


2. Small magnetic Reynold’s number, 
i.e., any effects on the fluid flow of second- 


Fig. 1. Schematic 
of energy converter 
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ary magnetic fields resulting from the in- 
duced current distribution are negligible, 
either because the secondary magnetic fields 
are small, or in the wrong direction to 
produce appreciable effects. 


3. Negligible Hall current, i.e., the induced 
currents in the flow direction are small com- 
pared to those induced in the direction per- 
pendicular to both the flow and to the mag- 
netic fields. 


4, The plasma behaves like a perfect gas. 
5. The specific heats are constant. 


6. The plasma is inviscid and non-heat- 
conducting so that the only dissipation is 
electrical, 


7. The plasma is electrically neutral, i.e., 
no space charge sheaths are developed near 
the conducting walls. 


8. Shock-free supersonic flow. 


9. The channel walls are perfect electrical 
conductors. 


Equations 


Let the flow of the plasma through the 
channel be in the x direction, as shown in 
the schematic diagram of the converter, 
Fig. 1. The channel cross-sectional area 
is given by the product y(x)2(x«), where y(x) 
is the channel height (or electrode spac- 
ing) and 2(x) is the channel depth, both 
being prescribed functions of x, subject 
to the conditions that dy/dx and dz/dx 
are everywhere sufficiently small as re- 
quired by the one-dimensional flow ap- 
proximation. The applied magnetic field, 
B(x), is in the z direction and is also a 
prescribed function of x. (Although the 
results discussed in the next section are for 
constant channel cross-section and con- 
stant magnetic-field intensity, both will 
here be considered as varying functions.) 
With the given directions for the mag- 
netic field and the flow, an electric field is 
induced in the y direction, so that a 
potential difference thereby appears across 
the electrodes. The electrodes then are 
the terminals of the converter, and a load 
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resistor connected across them will permit 
a current to flow. 

The flow equations which apply to the 
plasma are the usual one-dimensional 
steady-state fluid dynamic equations of 
motion, with additional terms to account 
for the effect of the magnetic field on the 


flow. These equations are the continuity 
equation, 

d 
— (puyz) =0 (1) 
dx 


the momentum equation, 


du dp. 
shecinted ss = 2 
pu dnt ee 0 (2) 


and the energy equation, 


d 1 y? 
ae Ec w)| +7 Buyz age =x), 
dx 2 o 

(3) 


where p is the fluid density, w the fluid 
velocity, p the static pressure, 7 the in- 
duced current density, c, the constant 
pressure specific heat, T the static tem- 


- perature, and o the local electrical con- 


ductivity of the plasma. In the mo- 
mentum equation, the term 7B is the 
reactive force per unit volume exerted by 
the magnetic field on the plasma. In the 
energy equation, the term jBuyz is the 
rate at which work is done per unit length 
of channel by the plasma against the re- 
active force, and would be the power 
delivered to the external load in the 
absence of internal losses. The term 
j’y2/o is the power per unit length of 
channel dissipated within the plasma due 
to Joulean heating. For infinite con- 
ductivity, this term vanishes. 

In addition to the fluid dynamic 
equations, an expression for the current 
density can be written for an assumed 
load on the converter. Let the load 
be such that the terminal voltage is 
V. Then the current in the slab of 
plasma of thickness dx, height y, and depth 
z is 

2dx 


jzdx =(uB y— AG sts) 
y 


where the first factor on the right is the 
internal voltage drop and the second is 
the conductance of the slab. Thus 


imo(uB = r) (4) 
A 


One further equation is provided by 
the equation of state. Since the plasma 
is assumed to be an ideal gas, one can 
write 


b= pRT 
ee pCpl (5) 
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where R is the gas constant for the 
plasma, and y is the specific heat ratio. 
Equations 1-5 constitute five equations 
in the five unknown functions p, u, p, T, 
and 7. An immediate reduction to two 
equations in p and uw can be made by 
using equations 4 and 5 and the integral 
of equation 1 to eliminate p, 7, and 7 
in equations 2 and 3. One obtains then 


du db Bet ypY) ag (6) 
dx m dx m y 


as fe oll :) 
(2 yeup +3 mn + 


Voz (us) =(0) 1@/) 
44 


where m, the mass flow rate, is the 
constant of integration of equation 1. 

In order to make the parameteric 
studies discussed later, it is convenient 
to nondimensionalize equations 6 and 7. 
For this purpose the following non- 
dimensional quantities are introduced: 


the nondimensional channel length, 


5 = BordoroFo 1 (8) 


™m 
the nondimensional velocity, 
U=u/uo 
the nondimensional static pressure, 
P=p/ poto? 
the nondimensional channel height, 
Y=y/Yo 
the nondimensional channel depth, 
Z=2/20 


the nondimensional electrical conduc- 
tivity, 


3=0/oo (9) 
the mnondimensional magnetic field 
strength, 

B=B/B, 

the Mach number, 


M=u/(yRT)/* 


the nondimensional load parameter, 


K=1- 
UoBoYo 

and the nondimensional 

variable, 


£=(6/L)x 


The subscript o refers to the channel 
entrance conditions, and / is the dimen- 
sional channel length. Making the re- 
quired substitutions into equations 6 
and 7, one obtains 


independent 
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dU CHE es il 

te = Las Ze 
de +YZ de +BaVZ [ Bu ye 0| a, 


and 


d Y 1 
—| —— YZUP+— U? 
4 vaur+h u)+ 


In equations 10 and 11, Y and Za 
prescribed functions of &, @ is consider 
a known function of Y, Z, U, and 
and K is the load parameter which ¢ 
assume prescribed values between Ze 
(open external circuit) and unity (sho: 
circuited external circuit). The dete 
mination of U(£) and P() over the inte 
val 0Z£Z6 constitutes the solution 
equations 10 and 11. 

To obtain an expression for the eld 


velocity of electrons through the g 
and £ the electric field intensity. 
general the electron mobility, ue/Z, , 
limited by collisions with neutral g 
atoms and by long-range Coulomb ints 
actions with other charged particles. TI 
former process predominates in a weak 


ionized gas. If 1/0; is the resistivity’ 
the gas due to electron collisions 
neutral gas atoms and 1/0 the resistivi 


esses are significant, the resistivity: 


given by the sum of the resistivities due: 
the two processes :3 | 


otter Speen! 


o O71 G2 


For a weakly ionized gas in which t 
electric field is not large enough to 


are mostly elastic. In such a gas Che 


man’s theory‘ for electron mobility giv 
a2] EA RY! 
E 3X rnQ\mkT 
ay? a (# Es 
37 Qp\me 


where n is the number density of ¢ 
atoms, Q the electron-gas atom collisi 
cross section, k Boltzmann’s constant, 
the gas temperature, and p the pressti 
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Although Q is a function of temperature, 
or this study it is taken as a suitable 
onstant for the temperature ranges of 
nterest.) 

The number density of electrons as re- 
uired by equation 12 can be obtained 
rom Saha’s equation,® assuming that the 
as as a whole is electrically neutral and 
hat the electrons are in equilibrium with 
he gas. It is further assumed that for 
emperatures of interest one can ignore all 
nternal states of the gas atoms and their 
ons except the states of lowest energy. 
jaha’s equation can then be written 


| Le2i ff 2amekT */2 
eS eee = 
=n a ( rm ) exp (— o/kT) 


ep et no 


3/9 
5 = ) exp (—9/kT) 


(15) 


vhere ge(=2) is the multiplicity of the 
lectron, g;and g, are the respective multi- 
licities of the ground states of the ion 
ind neutral atom, h is Planck’s constant, 
ind ¢ is the ionization potential. 

Substituting into equation 12 for the 
nobility as given by equation 14, and for 
he electron particle density as given by 
quation 15, one has for a weakly ionized 
as 


: (29x) 1/4 e2Me /ap8/s 
ni(p, 1 ge em ages: 


i \'/2 1 T'/! 
(28) SF (- 


“For a fully ionized gas, the electrical 
onductivity, as given by Spitzer and 
Tarm,* is, in mks (meter-kilogram-second) 
inits, 


¢/2kT) (16) 


2/29 42 pk? Tl? 
me /*Ze2 ‘In (qc?) 


(17) 


) = 
vhere x, is the permittivity of free space, 
/m a correction factor to account for elec- 


ron-electron encounters, and Ze the ionic 
harge: 


Anny’ /*m (RT) /? (18) 
~ 2(Z+1)'/*e8ne'/* 
nd 

Ye 
=(27) th 
BN on, 
‘or a singly ionized gas, Z=1 and yr= 
.58 16. 

For a fully ionized gas, 


 OkT 


quations 17-20 combine to express o2 
afunction of pand T. The results to- 
er with equation 16 are substituted 
equation 13 to provide the conduc- 
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tivity function, which is then nondimen- 
sionalized according to equation 9, where 
oo is the conductivity evaluated at the 
entrance to the channel. Equations 10 
and 11, however, require that the con- 
ductivity be expressed as a function of the 
nondimensional variables. Thus the sub- 
stitutions 


2= yMo*poP 
and 
= 7M,?7,YZUP 


must be made in G. 
The power output of the converter is 
given by 


PSV ea lvf oo( uB— "ax 
y 


where the current density is obtained from 
equation 4, Substituting for the inte- 
grand from equation 7, the output power 
can be expressed in the following con- 
venient form: 


P =hr(0)—Ar(1) 


where 


hp(x) = i yzup +5 mu? 

is the stagnation enthalpy flux at x. A 
measure of the output power is therefore 
provided by the conversion effectiveness, 
nc, Which is defined as the ratio of the out- 
put power to the stagnation enthalpy flux 
at the entrance to the channel: 


het So yo 
re hal). Bek@) 
ned 
~T9(0) ou) 


where T7 is the stagnation temperature, 
cp being assumed constant. The nondi- 
mensional stagnation enthalpy flux is 
defined by 


hr(x) 


(22) 
MU” 


He) = se, 


In terms of nondimensional quantities this 


can be written 


Hx(@) = YO) UEP) +510}! 


[ef +, (U6) 


A measure of the irreversibility of the 
flow due to Joulean dissipation within the 
fluid is given by the isentropic efficiency 
ns, Which is defined as the ratio of the de- 
crease in the stagnation enthalpy flux in 
the channel to the decrease in the stagna- 
tion enthalpy flux which would result 
from an isentropic flow process terminat- 


(23) 
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ing in an exit stagnation pressure equal to 
that of the actual flow. Thus , 


_hig(0)—hr() te ne 
"hr(O)— inl) hi’) T'n(d) 
~ hi(0) Tr(0) 


again assuming the constancy of the spe- 
cific heat. Here h’,(1) and T’,(J) are re- 
spectively the exit stagnation enthalpy 
flux and temperature for the isentropic 
flow process. One can also write for the 
isentropic process 


T’r(2) aor” 
Tr(0) Lpr(0) 


where p7is the total pressure, and where 
br(1) is the exit total pressure for both 
the actual flow and the isentropic flow. 
Thus 


Ne 

Ns ins eles 
1— es 
pr(0) 


To compute 7s, therefore, one must ex- 
press the total pressure ratio, p-(1)/p7(0), 
across the channel in terms of the solu- 
tions of equations 10 and 11. To do this 
one notes that the stagnation to static 
pressure and temperature are given respec- 
tively by 


VAN) 
br =[145 (y= nar] 


p 
and 
alti(y-DMe (24) 
so that 
be) | TO ¥/(y-1) 
p(1)/P(0) T(1)/T(0) 
or 
Ea pr C-/Y— Tol 1) 

pr(0) T; T7(0) 

By ars gee 
T; 


where p, and 7, are the respective static 
pressure and temperature ratios across the 
channel and are given by 


Pr= yM,?P(6) 
and 
T,= 7M? Y(5)Z(6) U(6)P(8) 


Thus the isentropic efficiency can be 
written 


Ne 
nse (¥—1)/¥ 
nae Gio) 


r 


An additional parameter of interest is 
the generated power density, f, defined as 
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CONVERSION EFFECTIVENESS, 


ri, « POWER GEN. 


DIMENSIONLESS LOAD PARAMETER , 


K % Uo BYo -V 
We aQ. 


Fig. 2. Subsonic performance, constant area, constant conductivity 


the ratio of the power output to the vol- 
ume, v, of the channel: 


. _Ar(0)ne 
Pp — 
v 


(25) 


From equations 22 and 23, it is seen 
that the entrance enthalpy flux can be 
written 


+ jak SESS Dra 
eas eae 


The initial velocity may be expressed 
as 


Uo = ( yR To)'/*Mo 


(26) 


(27) 


and by equation 8, the mass flow ratio 
may be given by 


i Bo*YoZo ool 


; (28) 


For the volume of the channel, one has 


v= a y2d% 


(29) 
where a nondimensional volume is de- 
fined by 

b= JS,’ YZde 


Substituting the expressions given by 
equations 26-29 into equation 25, one 
obtains 


(30) 
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1 ce 

BoteoRTa 1 ae (qy= ate [a 

== BA RTO) (31) 
y—1 0) 


Except for the channel shape, the mag- 


netic field distribution, and the gas dat 
(y, R, Bir Zar ¥, and Q), the input Paral 
eters needed to compute 7, and ; 2 
M,, 6, K, Fo, [or T7(0)], and p [or br(0) 
the temperature and __ pressure beir n 
needed only in the conductivity functic 
The computation of # also requires Be 


Discussion and Results 


The nondimensional equations 10 an 
11 were solved numerically, using the IBD 
704 digital computer. The performane 
of the MHD energy converter was ¢a 
culated for constant channel cross-se 
tional area (Y=1 and Z=1) and for 
constant magnetic field (B=1). 
specific heat ratio y was taken as 5/¢ 
representing either a monatomic gas of 
fully ionized plasma. 


The performance was computed for 
constant area energy converter; first wi 
an assumed constant plasma conductivit 
(¢=1), then, for a specified working fi 
with the plasma conductivity, given 
equations 9, 13, 16, and 17 as a functic 
of the local thermodynamic properties ¢ 
the plasma. The performance was ol 
tained for a variety of subsonic and supet 
sonic entrance Mach numbers M,, 4 
for a variety of nondimensional chamni 
lengths 6, the load parameter K, rangin 
from es circuit (K =0) to short ciret 
(K=1). | 

Figs. 2 and-3 present the prea mat ¢ 


@, 


% 
100 ea os 5; 
\ eS Me=3.0 || 
80 SX r= 5/3 1 | 
SS 8-20 : 
Ne ae | i] 
ISENTROPIC EFFICIENCY, 60 SSS . 1} 
Sse 
5 “(aH)s ye THe = 
SO tiyy | 4 
0 ed i 
% eas 
20 LA 
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Fig. 3. Supersonic performance, constant area, constant conductivity 
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the constant area energy converter for 
assumed constant plasma conduc- 
ity. 
The performance of a subsonic energy 
verter is shown in Fig. 2 for an en- 
nce Mach number of 0.3. The isen- 
pic efficiency n; and the conversion 
sctiveness n, are plotted as functions of 
: load parameter K for a range of 
innel lengths 6. For small values of 
the conversion effectiveness increases 
1 the isentropic efficiency decreases as 
is increased from zero. At approxi- 
tely K=1/2 the conversion effective- 
3S iS A maximum, and further increases 
K cause 7, to decrease until at K=1 
2 energy converted becomes zero. The 
ntropic efficiency continually decreases 
th increasing K until it also goesto zero 
K=1. When K=1, the converter is 
ort-circuited and all the gas dynamic 
ergy removed from the plasma is re- 
rned in the form of Joulean dissipation. 
t larger values of the channel length, 6, 
2 load parameter, K, cannot be in- 
cased beyond a certain limiting valve. 
is limit is imposed by the flow becom- 
z sonic at the exit of the channel. 
hen this occurs the flow is choked. 
1¢ locus of this condition is indicated by 
e line labeled ‘“‘thermodynamic choke 
e.’ It is thus seen that for shorter 
annels the maximum energy conversion 
eurs when the loading is chosen in a 
anner which best matches the energy 
tput to the Joulean dissipation; for 
iger channels the maximum energy 
Hversion is dictated by the thermo- 
matic choking of the flow. 


At a fixed value of loading, increasing 
e length of the converter causes an in- 
ease in y, and a decrease in 7;. It also 
oreases the exit flow Mach number until 
e choke condition is reached. For the 
bsonic converter the flow velocity in- 
eases along the channel length. This 
turn produces a larger induced emf and 
quires, therefore, larger internal volt- 
drops to match the terminal voltage 
ecified by K. Each subsequent in- 
ement in length added to the channel 


A poorer local efficiency. 


The performance for the supersonic 
mverter is shown in Fig. 3 for an en- 
ance Mach number of 3.0. The 
hermodynamic choke line’ again 
otes the operating conditions where 
e exit flow Mach number is unity. As 
posed to the subsonic converter, at a 
ed value of loading, both the conver- 
1 effectiveness and the isentropic 
iciency of the supersonic converter in- 
ase as the length of the channel is in- 
sased. For this case the flow velocity 
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decreases along the length of the channel, 
causing a reduction in the induced emf. 
This requires, therefore, a smaller inter- 
nal voltage drop in order to match the 
specified terminal voltage. Thus subse- 
quent increments of length added to the 
channel convert energy with a local 
efficiency that is better than the average 
for the channel. For lightly loaded opera- 
tion, i.e., small values of K, the drop in 
velocity causes the induced emf to ap- 
proach the terminal voltage asymptot- 
ically. When this occurs further length- 
ening of the channel produces no change 
in the flow conditions or the energy con- 
verted. The line denoted by 6=© in- 
dicates this condition. 

Figs. 2 and 3 also show that the maxima 
of the conversion effectiveness agree with 
the results of Neuringer’s optimum power 
analysis.1 An interesting characteristic 
is the value of K at which these maxima 
occur. If the plasma acted as a perfectly 
incompressible fluid, or a solid conductor, 
maximum conversion would occur when 
the energy delivered to the external load 
is equal to that lost by Joulean dissipa- 
tion within the converter. For an in- 
compressible fluid this condition is ob- 
tained when K=1/2, since the induced 
emf is constant down the channel. As 


seen in Figs. 2 and 8, for short channels © 


both the subsonic and supersonic con- 
verter also require K~1/2 for maximum 
conversion. As the channel length of 


ISENTROPIC 
EFFICIENCY, 
AH 
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both converters is increased the value of 
K at maximum conversion deviates from 
K=1/2, the subsonic converter requiring 
larger values of K in the unchoked region, 
and the supersonic converter always re- 
quiring smaller values of K. For these 
larger channel lengths the compressibility 
effects are significant and the local loading 
of each element of the channel is related 
to that of all the other elements through 
the gas dynamics involved. As a result, 
the condition for maximum conversion is 
no longer simply that required by a solid 
or incompressible conductor. 

In order to study the effect of a variable 
conductivity plasma upon the perform- 
ance of the MHD energy converter, a 
choice must be made of the working fluid 
and its initial conditions. For this in- 
vestigation cesium vapor was chosen as 
the working fluid, the choice being dic- 
tated by its low value of ionization po- 
tential, ¢=3.87 volts, which will provide 
reasonable values of plasma conductivity 
for temperatures in the thermal range. 
The performance was computed for two 
values of entrance stagnation tempera- 
ture, T7. The lower value, T77.=2,000 
K (degrees Kelvin), represents the lowest 
usable plasma temperature at which 
present-day materials can conceivably 
operate. The higher value of 5,000 K has 
been included to indicate the increased 
performance capability that could be 
obtained, without regard for the materials 
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Fig. 5. Power density as a function of channel length 


problem. All the performance computa- 
tions reported here, for variable plasma 
conductivity, have been made for an 
entrance static pressure, p,, of 0.1 atmos- 
phere. This represents the lowest value 
for the present choice of working fluid and 
and temperatures that will not violate 
the assumption of a scalar plasma con- 
ductivity.’ 

The conductivity function requires the 
collision cross section of electrons with 
atoms as a function of temperature. 
Because good data were not available in 
the required temperature range, a value 
of 3.251078 square meters was chosen® 
for cesium, and no dependence upon tem- 
perature was included. 

The performance of the variable con- 
ductivity converter for a subsonic en- 
trance Mach number of 0.3 is shown in 
Fig. 4 for the 2,000 K entrance stagnation 
temperature. The dashed performance 
lines for the larger values of 6 have been 
reproduced from Fig. 2 for comparison and 
show the performance for constant con- 
ductivity. In the subsonic converter 
the thermodynamic state of the plasma 
changes down the channel towards sonic 
flow, i.e., the plasma velocity increases 
and the plasma temperature decreases. 
This causes the local value of plasma con- 
ductivity to decrease along the length of 
the channel. The indicated loss in per- 
formance reflects this decreasing con- 
ductivity. The resulting thermodynamic 
choke line is identical to that obtained 
for constant plasma conductivity, as 
can be shown analytically. The values 
of K at which maximum 7, occur are 
lower for variable o than for the computa- 
tion (Fig. 2) in which o is assumed con- 
stant. For the case of supersonic en- 
trance Mach numbers, the local value of 
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conductivity increases along the length of 
the channel and results in an increase in 
converter performance. The  conse- 
quences of this characteristic will be in- 
dicated in some of the subsequent results. 

For a constant area channel the non- 
dimensional volume, as given by equa- 
tion 30, reduces to 0=6. The power 
density p given by equation 31 then be- 
comes 


(32) 


The constant magnetic field strength, By, 
was chosen to be 10,000 gauss for all of 
the computations of power density. 
The conductivity of the plasma at the 
entrance to the channel, oo, is based upon 
the entrance static pressure and tempera- 
ture. The static pressure for all of this 
work was chosen to be 0.1 atmosphere; 
the static temperature was determined 
by equation 24 from the stagnation tem- 
perature 7,, and Mach number M,. 
Thus for a specified working fluid, en- 
trance Mach number M, and stagna- 
tion temperature T7,, the power density 
p becomes a function of the ratio of yn, 
to 6. 

Fig. 5shows the dependence of this func- 
tion upon the choice of 6, for the indicated 
initial conditions. The curves labeled 
“maximum power’ are obtained by 
choosing the maximum value of y, for 
each 6, from curves similar to those pre- 
sented in Figs. 2 and 4. For the case of 
constant conductivity at the lower values 
of 6 the maximum value of n, occurs as an 
extremum, and at the higher values of 6 
it occurs as the result of the Mach number 
limit. For variable conductivity the 
performance is substantially reduced, and 
at all 6’s calculated, 7, occurs as an 
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For temperatures of the order of 2, 00 : 
the conductivity of a cesium plasma 
vary predominantly as an exponen 
function of temperature as indicated 
equation 16. The entrance static te 
perature decreases for increasing values 
entrance Mach numbers and fixed val 
of Ty. Although this results in a las 


sity for small subsonic Mach numbers, | 
creases with Mach number, as showm 
Fig. 6 for T7,=2,000 K. As seen ry 
equation 32 this is possible only becasa 
the ratio of 7, to 6 increases faster thar 
decreases. As the entrance Mach nu 
ber is further increased a point is reach 
after which the maximum power dens 
decreases, since at the high Mach nu 
ber, the decrease in o, is the dominant 

tor in equation 32. The value of po? 
density for supersonic entrance MI 
numbers has not been calculated for Ty; 
2,000 K due to the extremely low valued 
plasma conductivity. The sensitive — 
ture of the conductivity function at té 
peratures in this range causes an app 
ciable variation in the power density 1 { 
can be achieved when the plasma cd 
ductivity is allowed to vary in a rea ti 
manner as opposed toholding it aconste 
The performance shown in Fig. , 


dicates an overestimation of about 44 
in power density if the Condieti’ tv 
assumed to be constant. 

The performance shown in Fig. 7 iss 
an entrance stagnation tempera 
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Fig. 7. Maximum power density for Tr, = 5,000 K 


000 K. The large increase in the level 
f power density is mainly due to the ex- 
onential increase in the level of conduc- 
ivity, although the increased stagnation 
emperature itself causes an increase by a 
actor of 2.5. This indicates that for 
mall increases in the stagnation tempera- 
ure above 2,000 K large gains in power 
ensity could be achieved. For a stagna- 
ion temperature of 5,000 K the varia- 
ion of o with changes in temperature 
smuch smaller than at the lower tempera- 
ure. This is indicated in Fig. 7 by the 
mall difference between the performance 
ith and without variable conductivity. 
Iso because of this smaller variation in 
the performance computation may be 
atried into the supersonic range. The 
laximum value of power density now 
ecurs at a higher value of entrance Mach 
umber. 

The length of channel, 6, required 
) achieve the maximum power densities 
hown in Figs. 6 and 7 is plotted in Fig. 8 
s a function of entrance Mach number. 
or constant plasma conductivity the 
squired 6 is independent of temperature. 
he effect of variable conductivity is to 
aorten the channel length for subsonic 
fach number and lengthen the channel 
yr supersonic Mach number. 

With a specified value of 2,000 K for the 
otrance stagnation temperature and an 
ntrance static pressure of 0.1 atmos- 
here the maximum power density, for a 
friable plasma conductivity, occurs 
an entrance Mach number of M,~ 
45, as shown in Fig. 6. The nondimen- 
ial channel length required for maxi- 
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mum power density is 6~0.1, as given by 
the length functions of Fig. 8. From 
the definition’ of 6 (equation 8) one can 
write 


Pod M6 ) ue 
ai Pov (33) 


7. Bo? eo Z- ooBoX(RTo)'/? 


l 


where / is the dimensional length of the 
channel. Substituting into equation 33 
for the case cited above, one obtains 1~50 
centimeters. For a channel height and 
width equal to its length the output 
power will be ~5 kilowatts. The size of 
the converter and the power output can be 
controlled by the choice of the value of 
entrance static pressure. 


Conclusions 


The following conclusions can be drawn 
from the results of this analysis: 


At sufficiently high temperatures (5,000 
K) the constant conductivity approxima- 
tion does not introduce serious error in 
the performance computation. However, 
at lower temperatures (2,000 K) the ap- 
proximation significantly overestimates 
the performance. 

The required entrance flow Mach num- 
ber for maximum power density increases 
as the entrance stagnation temperature is 
increased. For the temperature range of 
immediate interest (2,000—5,000 K) 
the required entrance Mach number is 
always subsonic. In the construction of 
an actual MHD energy converter, the 
subsonic Mach number requirement per- 
mits more flexibility in the design, and 
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lends more validity to the approximations 
which are made in the analysis than would 
be true for a supersonic energy converter. 

The attainable power density increases 
sharply with increases in entrance stagna- 
tion temperature. Since the maximum 
temperature that an MHD energy con- 
verter can operate at is limited by 
the capabilities of the materials involved, 
the reward of large increases in perform- 
ance for small increases in operating tem- 
peratures provides a strong incentive for 
sophistication in design and for the ac- 
complishment of even small increases in 
materials capability. 
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The Economic Justification of Railway 


Electrification in the United States 


H. C. CROSS 


ASSOCIATE MEMBER AIEE 


UMEROUS RAILROADS in the 

United States are in econome distress. 
This paper presents a modern techno- 
logical package, including railway elec- 
trification, which will permanently lower 
a large segment of their operating and 
maintenance costs. Their current com- 
petitive economic situation is outlined 
and their position is reviewed. The 
poor earnings of the railroads in the 
northeast sector—ICC (Interstate Com- 
merce Commission) Eastern District— 
relative to those in the other sectors— 
ICC Western District—are shown. 

New typesof communication and signal- 
interlocker systems, electric locomotives 
converted from existing diesel-electric 
locomotives, and the commercial-fre- 
quency high-voltage system of electrifica- 
tion are included in the technological 
package, which is described in detail, 
together with its advantages. 

An economic study shows the annual 
economic results for one year before 
conversion and each of 12 years there- 
after, using a typical Eastern District rail- 
road, operating inland from the eastern 
seaboard, as its basis. For purposes of 
comparison, results are shown with both 
dieselization and electrification. The 
package with electrification produces 
major and permanent savings not offered 
with dieselization. Moreover, the net 
capital investment is less with electrifica- 
tion; major increases are made in freight 
train speeds, and equal or increased 
capacity is provided. 

For railroads in the Eastern District 
which now have relatively heavy traffic, 
and for the heavy traffic routes which will 
develop from future railway mergers, 
this package is of great economic im- 
portance. 


Railroads as a Growth Industry 


The railroad transportation industry in 
the United States is regarded as unpro- 
gressive. Freight traffic, as measured in 
ton-miles, remains more or less unchanged, 
but passenger traffic, measured in terms 
of passenger-miles, is continuously de- 
creasing, even though, in over-all terms, 
both intercity freight and passenger 
traffic is steadily increasing. 
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Figs. 1 and 2 show the historical situa- 
tion of the railway industry in relation 
to competing industries. Obviously, at 
the present time, transportation is in 
an effectively balanced position. The 
railways no longer hold a monopoly. 
“The manufacturer, the wholesaler, the 
retailer, and the customer all know that 
somehow the milk will arrive on the 
doorstep.” From the viewpoint of 
national self-interest, the railway in- 
dustry should share in the increasing 
traffic by, at least, maintaining its 
existing percentages of the total. 

Fig. 3 shows the operating results for 
Class I railroads and the competing in- 
dustries. The railways’ profit margin and 
return on net assets have declined steadily 
since 1955. The 1959 margin was the 
same as for total manufacturing, twice 
that for motor carriers and air transport, 
and only slightly lower than that for 
interstate bus companies and inland 
water carriers. The return on net assets 
of competing companies ranges from 1.8 
to 5.1 times that of the railways. This 
is basically the result of (1) overstate- 
ment of the railroad industry net worth 
growing out of conservative depreciation 
policies and (2) the capital investment in 
right of way, tracks, and signals, for which 
competing industries make no comparable 
investment. This situation is clearly 
brought out in the graph at the right- 
hand side of Fig. 3, showing net assets 
per dollar of sales. Trucks, buses, and 
airplanes operate at abnormally low net 
assets per dollar of sales because of in- 
direct subsidies which, as national policy, 
were granted them in order to break the 
previously existing railway transportation 
monopoly. 

If the competing industries were to pay 
the full costs of independent throughways, 
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_ St. Lawrence Seaway route into the mi 


additional customers without diste 


increased speed is required of ff 


€ 
waterways, terminal facilities, and airw 
guidance systems, the profit margins a 
return on net assets could be maintain 
only by increased charges, with a resulta 
tendency for traffic to shift to the railwe 
By reducing their costs, railways ¢ 
maintain both their existing margin a 
return, and reduce their charges, 
with a resultant tendency for traffic 
shift to them. 


Railroad Operating Results 


Taken as a whole, there is a ma 
difference between operating results c 
tained by railroads in the. Eastern a 
Western Districts. In the Western DI 
trict, they consistently operate at a le 
above the break-even point. This 
substantially higher than achieved — 
Eastern District railways, even thow 
their traffic in gross ton-miles per mile 
route is about one third higher and thi 
total revenue per mile of route is appr 
mately 80% higher than in the Westd 
District. Western’s margin on sales di 
ing 1958 was about 8.3% as comp 5: 
with Eastern’s margin of approximat 
25% I 

Relatively, Eastern railways have great 
trackage per mile of route, particularly 
to other main tracks and way- and yas 
switching tracks. The particularly§ ht 
proportion of yard-switching tre cks 


undoubtedly arising from duplication ale 
facilities. 

They encounter more severe compo 
tion from (1) trucks operating over hig 
ways provided at public expense and 
shipping on inland waterways and 


‘or 


west. Asa whole, they normally ope 
uncomfortably close to the break- 
position as to earnings. During 
recession or even temporary major 
pension such as was caused by the st 
strike in 1959, individual roads in 
diately take a loss. In view of the 
margin on sales, rate reductions to I 
existing traffic must be limited. On 
contributed margin—or out-of-pock 
basis, rate reductions must either att 
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the existing volume, or these reduc 
be in such large volume as will 
than offset any reduction of incom 
existing traffic. 

The imperative need seems to be re 
tion in operating and maintenance ¢ 
attained with a minimum of capita 
penditure. Also, to assist in attra 
additional traffic to the railroads, gre 
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j. 1. Intercity passenger traffic in the United States, 1939-58 


1—RaiJroads 
9—Airplanes 
3—Buses 


4—Water carriers and electric railways 
(Numbers refer to area between lines) 


1e Technological Package 


SUITABLE STANDARD SYSTEM FOR 
RAILWAY ELECTRIFICATION 


A standard electrification system hav- 
¥ a world-wide application has come 
tO existence in recent years, making use 
a commercial-frequency single-phase 
,000-volt power supply to a catenary- 
spended trolley over railway tracks. 
lis system became practical with the 
velopment of rectifier-type locomotives 
which the 25,000-volt power supply is 
spped down to a voltage suitable for 
plication to rectifiers supplying a 
Isating direct current to standard series 
mmutator traction motors. 


The ignitron rectifier locomotive ini- 
Ily was developed in the United States 
d was adopted extensively by French 
nufacturers, both for use in their own 
mtry and for export. The British 
ilways also have adopted this system 
electrification of their trackage, and 

actively engaged in installing the 
wer supply system in various regions. 
eir national manufacturers are also en- 
bed in production of necessary rectifier- 
€ locomotives. The experience of the 
ach National Railways with this sys- 
2 of electrification,! coupled with 
theoretical studies which have been 
de in the United States,»* serve to 


Pest results, covering unbalanced load- 
f turbine generators, suggest that 
tem could have application gen- 


ee 
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Intercity freight traffic in the United States, 1939-58 


1—Railroads 
9—Motor carriers 
3—Great Lakes 
4—Rivers and canals 


erally in the United States, and partic- 
ularly in regions where there exists a 
power-generating system of high capacity, 
interconnected by a high-voltage trans- 
mission grid, which can absorb a minimum 
phase unbalance without difficulty.2. The 
northeastern sector of the United States, 
together with areas in the southwest and 
northwest, has such a system of power 
generator and transmission. This sector 
covers the territory roughly north of the 
southern limit of the Tennessee Valley 
Authority area and the territory east of 
the Mississippi River. It practically 
coincides with the ICC Eastern District 
of Class I railways. 


COMMUNICATION 


Automation can be used effectively to 
reduce operating cost. As applied to 
railways, in addition to the modern push- 


MARGIN 
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Fig. 3. Economic 

results of transporta- 

tion company opera- 
tions 


4—Class | railroads 
9—Motor carriers 
3—Interstate bus 
companies 
4—Inland water car- 
riers 
5—Aiir transport 
6—Total manufac- 
turing (for compari- 
son) 
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5—Oil pipelines 
(Numbers refer to areas between lines) 


button classification yards, this involves 
centralized data processing and elec- 
tronic computer control of such things as 
payrolls, waybills, invoices, inventory, 
reservations, accounting data, train make- 
up, and movements of trains and cars. 
Transmission of large quantities of data 
in digital form is required from remote 
points to the central computer center, 
with reversed transmission of instruc- 
tions, again in digital form, from the 
center to remote points. Envisioned 
for the future are systems of automatic 
train operation under control of a central 
computer center, or central brain, re- 
quiring continuous flow of feedback in- 
formation from trains to the central brain 
and a reverse flow of instructions from 
the central brain to trains. 

Moreover, the concept of “real-time’’ 
operation of railroads presupposes the 
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ability to determine in advance the vari- 
ous movements of trains and cars re- 
quired to accommodate the ebb and flow 
of traffic to be delivered from or to a given 
railroad. The production of this pre- 
determined information requires complete 
use of data processing and computer 
facilities. 

Practical automation of railway operat- 
ing functions calls for a communication 
system that will provide many digital 
transmission channels and a_ limited 
number of voice channels, at low cost per 
channel. A microwave system for 
through-communication would meet this 
requirement. One that would be suitable 
for many railroads provides 30 voice 
channels, each of which can be sub- 
divided into 15 digital channels. This 
gives a possible maximum of 450 digital 
channels, or say 10 voice channels and 
300 digital channels. Initial capital in- 
vestment and maintenance and operating 
costs are low as compared with any other 
system. Microwave is not affected by 
inductive interference from the traction 
electric power supply system. Relay 
stations could be located about 30 miles 
apart, which roughly coincides with the 
desired spacing of power supply points for 
the electrification system. For through- 
transmission of information, microwave 
appears to be ideal as a part of the tech- 
nological package. 

There remains, however, the problem 
of a local communication system which 
will make possible end-to-end communica- 
tion on trains, between trains, be- 
tween trains and wayside stations, and 
through communication between a con- 
trol center and wayside stations, and be- 
tween the control center and trains. 
Very-high-frequency (vhf) radiobroad- 
casting from microwave relay stations 
could be used. A more desirable system, 
however, would be the use of vhf signals, 
carried by the conductors of the electrifica- 
tion power supply system, and inductively 
coupled to moving trains and wayside 
locations. There are two known systems 
of this type, both of which probably would 
require further development for the pro- 
posed application. Any such system 
must provide numerous digital channels 
and a few voice channels. It should also 
make possible the bridging of necessary 
emergency through communication chan- 
nels if there is a loss of one microwave 
repeater station. 

A high-capacity communication sys- 
tem, having a low initial capital cost 
and free of inductive interference from the 
electrification power system, can be pro- 
vided, and it should produce maintenance 
and operating savings over existing sys- 
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tems sufficient to justify its initial cost. 
A microwave system, coupled with a vhf 
local system, appears proper for inclusion 
in the technological package. 


CENTRALIZED TRAFFIC CONTROL 


Taken as a group, railroads in the 
northeast sector of the United States 
have more track miles than needed to 
handle their maximum traffic. Conse- 
quently they are burdened with excessive 
cost in the maintenance of way accounts. 
Centralized traffic control (CTC) is a well- 
known system by which train movement 
can be controlled from a single location. 
A dispatcher at that point can operate 
track switches and wayside signals up to 
distances as remote as 600 miles from his 
office. This system will allow elimina- 
tion of trackage and of manually con- 
trolled interlockers, thereby producing 
savings on maintenance and operating 
costs. 

In general, a single-track railroad with 
CTC has 80% the capacity of a 2-track 
railroad without it. In many cases, a 
2-track road can be reduced to a single- 
track by installing CTC, and it will still 
have adequate capacity for handling 
existing traffic. As will be seen later, 
electrification will increase the speed of 
train movement, which will permit reduc- 
tion in trackage without decreasing 
capacity. Similarly, 4-track and 3-track 
railroads can have less track mileage. 
Reduction in the number of tracks also 
makes possible the establishment of a 
work roadway for off-track maintenance. 
The resulting savings will justify the 
capital expenditure for the installation of 
CTC. Furthermore, the reduction also 
cuts the cost of electrification. CTC re- 
quires new signaling of the railroad, but 
its cost is justified by the savings pro- 
duced. In this way, the signal changes 
which ordinarily would result from 
electrification are not burdensome. 

CTC qualifies for inclusion in the pack- 
age because it reduces trackage and pro- 
duces permanent maintenance and operat- 
ing savings. When it is combined with 
higher train speeds resulting from electri- 
fication, equivalent or increased track 
capacity is provided. Off-track mainte- 
nance, made possible by eliminating exces- 
sive tracks, is another advantage. 


CONVERTED ELECTRIC LOCOMOTIVES 


It is generally considered, at the 
average annual usage made of road diesel- 
electric locomotives by the Class I rail- 
roads of the United States, that their 
economic life is 12 to 15 years. At the 
end of this period the prime mover and 
its auxiliaries must be replaced. How- 
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_ 
ever, the mechanical parts of the ie 
motive, the traction motors, and the a; 
brake system could be used economical 
for at least another 15 years as part of 
diesel locomotive. Basically, the hi; 
rate of increase in maintenance cost as t! 
locomotive ages is responsible for i 
short economic life. An electric loc 
motive has a rate of increase one-fou 
or less than that of a diesel cleotrialll 
motive.** Therefore, conversion to 
rectifier-type electric locomotive is pra 
tical, using the still-serviceable tracti/ 
motors, the mechanical parts, and t. 
air-brake system of the diesel. 7 . 
By converting these locomotives, int 
general range of heavy freight train opex 
tion, gross ton-miles per train h 
can be nearly doubled, provided spe 
is not restricted by track curvature 
other interference. This is because ~ 
electric locomotive is not limited by} 


from those of the locomotive as a dies 
electric unit. Due to the absence! 
engine vibration and oil contaminar 
the mechanical parts will. last lo 
and conversion will cost less than a mi 
diesel-electric unit. | 


locomotives qualifies as part of the ted 
nological package because it will : 
in enormous maintenance savings, pj 
vide longer engine life, and, in most caa 
will add marginal savings through 
creased train speeds and possibly lo 
energy cost. It will conserve the use| 
parts of old diesels and thereby i 
the cost of locomotive replacement t1 
minimum. Also, more attractive ser 

will ensue. 


ELECTRIFICATION SYSTEM 


The system to be included in 
technological package is the single-pb| 
commercial-frequency system, using | 
000 volts on the distribution system 
the tracks. Single-phase power is tag 


different sections of the railway in 00 
roughly to balance the phase loac 
Studies made in this country and tt a 


limit of tolerance for larger power | 
tems.+? However, individual studies | 
be necessary in each case. If requ 
known remedial measures can be a pt 


00 300 


200 
MILES 


200 


Fig. 4. Assumed average profile 


As has been indicated, the central sta- 
m industry may be willing to sell 25,000- 
lt power to the railway at the right of 
yy, thus eliminating investment in 
imsmission lines and stepdown sub- 
itions as part of the electrification sys- 
m. Comparatively good load factors 
d diversity factors with existing de- 
ands make the railway load attractive 
r addition to central-station loading. 
xty-cycle commercial frequency makes 
ssible transformers of optimum size and 
st as applied in the power stepdown 
bstations and on the rectifier-type loco- 
tives. 
The 25,000-volt distribution voltage 
duces the equivalent copper and the 
ight of the catenary system for normal 
ltage regulation and increases spacing 
the power substations. The reduced 
tenary weight makes possible smaller 
d lighter poles and foundations, anda 
nsequent over-all reduction in system 
sts. With power feeds at 25- to 30-mile 
acing, it is proposed that master 
eakers at stepdown stations would con- 
a1 the entire section between feedpoints 
order to remove power in the event of a 
ort-circuit fault. Disconnect switches 
intermediate sectionalizing stations 
wld localize the fault; then power 
oe be reapplied by closing the master 
kers. This could be done in a few 
Bias without seriously disturbing train 
eration. For heavily loaded or un- 
ly long sections, auxiliary feeders could 
used, or a 3-wire system employing 
mediate autotransformers with track 
1 as the mid-point between feeders and 
ley. 
This electrification system qualifies for 
usion in the technological package 
that its first cost will be less than 
y other known system, and its operating 
d maintenance cost will be relatively 
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Fig. 5. Estimated net investment 


1—Package with electrification 
2—Package with dieselization 
3—Communication and CTC, signal portion of package 


Economic Study 


The economic advantages of the pro- 
posed technological package have been 
determined through a comparative eco- 
nomic study of all major costs, both with 
dieselization and with electrification. 
The existing cost level was determined for 
the year preceding conversion, and annual 
costs then derived for each of the 12 years 
following. The immediate effects of con- 
version by installation of the technological 
package could thus be shown. 


BASES 


The generalized study was based upon 
data, at a constant 1958 dollar value, 
from ICC published information and 
from other sources, applying to a typical 
Eastern District railroad operating from 
the eastern seaboard inload. Data were 
developed for four traffic levels utilizing 
a given railroad plant layout. The gen- 
eral bases of the study are as follows: 

1. The existing railroad plant layout 
consists of a 2-track railroad having an 
average profile as shown in Fig. 4. There 
is some third track on the heavy-grade 
sections to accommodate movements 
of pusher locomotives. It was assumed 
that by use of CTC this basic plant could 
be converted to a single-track railroad 
with relatively frequently spaced passing 
sidings. The average spacing of these 
sidings varied with traffic level. 

2. Operating data were developed on 
the basis of standard freight trains hav- 
ing the same trailing tonnage and the 
same number of road locomotives. All 
Eastern District railroads operating in- 
land from the eastern seaboard have a 


Cross—Economic Justification of Railway Electrification in U.S. 


considerably higher volume of revenue 
tonnage eastbound than westbound. 
This characteristic was reflected in the 
operating data in that fewer trains with 
lower trailing tonnage, but with the num- 
ber of locomotive units required to bal- 
ance the movement of motive power, 
made up the westbound train movement. 
Gross tons per train and the number of 
road and pusher locomotives were deter- 
mined on the basis of ruling grades in- 
stead of the average grades which are 
shown in Fig. 4. 


3. For simplification, it was assumed 
that a large fleet of diesel-electric loco- 
motives, of 1,250 rhp (rail horsepower) 
rating, all 19 years of age, was available 
for electrification. The existing loco- 
motives would be operating in their last 
depreciable year and at maximum main- 
tenance cost. This cost was not based on 
system fleet averages; the average cost at 
the 16th year of life was used, as shown by 
published studies.* It was also assumed 
that the mechanical parts, traction motors, 
and air-brake equipment of the con- 
verted locomotive would have a life of at 
least 15 years, at which time the pack- 
aged electric equipment could be used to 
convert another fully depreciated diesel- 
electric locomotive. 


4. Another assumption was that 30% 
of the capital cost for installation of a 
new communication system and the re- 
quired CTC system would be met from 
depreciation funds on hand and the 


remaining cost from funds derived from 


the sale of bonds on the open market. It 
was further assumed that existing diesel- 
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Fig. 6. Comparison of estimated existing cost level (100%) with 
estimated annual costs, including payments on capital, after conversion 


1, 2, 3, 4—Cases |, Il, Ill, and IV, respectively, with electrification 
1A, 2A, 3A, 4A—Cases |, Il, Ill, and IV, respectively, with diesel- 


ization 


electric locomotives would either be re- 
placed by diesel-electric locomotives 
of a somewhat higher horsepower rat- 
ing or would be converted to electric 
locomotives, and that the capital cost for 
this would be met by the sale of equip- 
ment trust certificates without recourse 
to depreciation funds. The cost of the 
new substations and distribution circuits 
required for electrification would be met 
by sale of bonds. In the case of both 
bond issues, sinking funds would be set 
up and the interest earnings of those 
funds would be credited against the inter- 
est cost on the bonds. 


5. The existing cost level was estab- 
lished by determining charges for: 


(a). Depreciation and property taxes on 
the existing communication and signal sys- 
tems, together with depreciation for the 
last depreciable year on existing loco- 
motives. 


(6). Operation and maintenance of the 
existing communication and signal systems, 
maintenance of existing trackage, loco- 
motive maintenance, engine house expense, 
and lubrication of locomotives. 


(It will be noted that the existing cost level 
includes neither interest charges nor pay- 
ments on capital.) 


6. The total successive annual costs 
were established as the sutnmation of: 


(a). Sinking fund payments on bond issues 
and amortization payments on equipment 
trust certificates. 


(b). Net interest on bond issues and 
interest on the outstanding balance for 
equipment trust certificates. ‘ 
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(c). Depreciation charges on the new 
communication and CTC systems, the 
electric power system, and new diesel- 
electric locomotives or the converted loco- 
motives. 


(d). Property taxes on the new com- 
munication, CTC, and electric power 
supply systems. 


(e). Operating costs for the same items 
listed in (d). 


(f). Maintenance costs for the same items 
as in (d) and (e) and for the revised track 
layout, and locomotives—either diesel-elec- 
tric or converted electric—together with 
engine house expense and locomotive lubri- 
cation. 


Unit values used in establishing both 


Cumulative 
savings 


1, 2, 3, 4—Cases |, 
, Il, and INV, re- 
spectively, with 
electrification. 1A, 
9A, sa 4A— 
Cases |, Il, Ill, and 


Fig. 8. 


YEARS 


Fig. 7. Comparison of estimated existing cost level (100%) wy 
estimated annual costs, not including payments on capital, after ca 


version ‘. 


< 
1, 2, 3, 4Cases |, Il, Ill, and IV, respectively, with electrificati 
1A, 2A, 3A, 4A—Cases |, Il, Ill, and IV, respectively, with d 


ization 7 


existing cost levels and annual © 
after conversion are believed to be c 
servative. They are available from 
author upon sa pecs om 


ANALYSIS 


for the four cases studied, inclu 

the proportion going for the new comm 
nication and CTC systems. These syste 
require a relatively constant investme 
whereas the totals show increases whi 
occur at decreasing rates for the heavy 
traffic cases. In all except case I, 

total investment for the techaaay 


ie see ys 
with dieselization. 
B-B—Curve of 
100% accumulation 
of net capital in- 
vestment for package 
with electrification; 
percentage figures 
indicate portion of 
net capital invest- 
ment which would 
accumulate in time 
shown for package 
with dieselization 


MILLIONS OF DOLLARS 


Table |. Proportion of Package Repre- 
sented by New Communication and CTC 
Systems 


Type 
of Proportion Proportion* 
Loco- of Capital of 100% 
Cases motive Investment Accumulation 
I—Diesel. 00... on 20:0. a. avdeciwe 0 
Blectric.sc.nt ess ROBB he oe ae 24.2 
M9 —Diesel,.. 5.56.0. PAL W2', seneclare waite 0 
Plectrie......0.% BO Dh clecater ee cette 15.2 
Pii—Diesel........... 1 Si ee 0 
Electric. ..:...... MO Bas. actowiears omc 13.9 
b——iesel etc Mees cca eer 0 
Hlectries 2 Afi... aOR Rae eh SS. 8 12.1 


*The dollar proportion in each case is approxi- 
mately $11,000,000. 


less than that for the package utilizing 
dieselization. This is attributed to lower 
cost of conversion as compared with pur- 
chasing new diesel-electric locomotives, 
and to a somewhat smaller fleet of electric 
locomotives. As the result of higher 
train speeds and consequent better loco- 
motive utilization, fewer electric loco- 
motives are needed. 

One method of analyzing the results ob- 

tained by conversion is to compare annual 
costs, including payments on capital. 
Since dollar values are different for each 
case studied, Fig. 6 has been prepared 
‘to show the relationship of the four cases 
in percentages of the existing cost level. 
This chart clearly demonstrates that, 
except for the first year when large first 
payments were made, the technological 
package with electrification has perm- 
anently stabilized annual costs below the 
existing level. 
- The package with dieselization is 
imarkedly different in that, except for the 
first year, costs initially drop below but 
not as far below the existing level as in the 
ease of electrification, and then rapidly 
rise to well above that level. Costs 
below the existing level mean increased 
profits, while those above it signify de- 
creased profits. The striking difference 
in the two packages arises from compara- 
tively rapid rise in diesel maintenance 
costs, coupled with greater charges for 
financing and depreciation which result 
from higher unit cost per locomotive, 
shorter economic life, and a larger required 
fleet. 

The economic results of conversion by 
the technological package can be shown 
by studying the existing cost level rela- 
tionship to successive annual costs after 
conversion, but not including payments of 
capital; see Fig. 7. The difference be- 
tween the two costs represents savings 
which could be effected and which can be 
expressed cumulatively in terms of dollars 
for each case. This was done in Fig. 8. 
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This chart shows the basic divergence in 
trends in a different manner. In each 
case, the rate of rise in cumulative savings 
is greater, and practically uniform, for 
the package with electrification, but has 
a drooping characteristic at a lower level 
for the package with dieselization. In 
each of the four cases, 100% accumulation 
of total capital costs for the technological 
package with electrification is achieved 
long before such accumulation for the 
package with dieselization would be at- 
tained. 

Division of the technological package 
between new communication and CTCsys- 
tems and motive-power requirements is 
indicated in Table I. The communication 
and CTC portion of the package is rela- 
tively smallin both capital investment and 
cumulative savings. The bulk of capital 
investment and cumulative savings are 
accounted for by the motive-power por- 
tion of the package in each case studied. 
In this connection, the capital cost of 
the electrification substation and dis- 
tribution systems accounts for 40% in 
case I and 23% in case IV of the total 
required motive-power investment. 

The new diesel-electric locomotives 
were assumed to have a moderately higher 
horsepower rating than those previously 
used. By converting existing diesels 
to electric locomotives, the continuous 
rhp would be more than doubled because, 
at the low speeds at which the continuous 
tractive effort of the diesel-electric loco- 
motive is exerted, the traction motors 
are grossly underloaded as to applied volt- 
age. Conversion to electric locomotives 
would make possible full-capacity use 
of traction motors at thecontinuous rating. 
These increased continuous horsepower 
ratings mean higher average train speeds, 
as indicated in Table II. 

Electrification will make possible an 
average round-trip speed, neglecting stops 
and turn-around time, 25% greater than 
obtained with existing diesels. The full 
advantage of the electric locomotive is 
brought out in the data showing the aver- 
age speed ascending the 1.92% grade, 
where use of electric locomotives would 
increase the speed up the grade approxi- 
mately 2.5 times more than that now ob- 
tained. 


DISCUSSION OF RESULTS 


The economic advantage of installing 
the technological package with electrifica- 
tion of the railroad is clearly indicated for 
the conditions assumed. Even when pay- 
ments on capital are included, there is a 
reduction of cost below the prevailing level 
and in all cases the level remained approxi- 
mately constant over the 12-year period. 
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In the case of the technological package 
with dieselization, there is also a drop be- 
low the existing cost level, but to a lesser 
degree, followed by a pronounced upward 
trend in the annual cost. Therefore, 
when payments on capital are in- 
cluded, the annual cost level soon exceeds 
the existing one. This is true for all four 
cases studied, 

The study also indicates that cumula- 
tive savings for the package with electrifi- 
cation would equal 100% of the net capi- 
tal investment in 5 to 12 years, depending 
upon the traffic level. Cumulative sav- 
ings for such periods materially exceed 
those of the package with dieselization. 

The results of a general study of this 
nature can be altered by refinement of the 
estimates as to (1) capital investment cost 
required, (2) existing cost level to be used 
as a reference, (3) annual costs which will 
be incurred after installation of the tech- 
nological package, and (4) operation over 
different profiles. Other cases could be 
studied involving an existing single-track, 
3-track, or 4-track railroad, with average 
profiles and traffic levels differing from 
those used in this case. Also, definitive 
studies can be made of individual situ- 
ations, using factual data rather than 
estimates. 

This analysis shows, however, that in 
all studies involving relatively heavy traf- 
fic the same trends will prevail when com- 
paring dieselization and electrification. 
The effects of lower capital costs, smaller 
locomotive fleet, longer economic life, 
and radically lower rate of rise in main- 
tenance costs for electric locomotives 
overwhelmingly dictate a lower and sta- 
bilized cost level as compared with 
that of the technological package with 
dieselization. In all such cases, an eco- 
nomic advantage will be realized by in- 
stalling the package with railway electri- 
fication. The rate of rise of cumulative 
savings and the time periods required for 
100% accumulation of capital require- 
ments will vary, but the basic relation- 
ship between the packages will be the 
same. 


Table Il. Train Speeds and Locomotive 
Horsepower 
Speed 
Average Ascending RHP per 
Type of Round-Trip 1.92% Locomo- 
Locomotive Speed,% Grade, % tive, % 
Existing diesel- 
electric.......: LOOION chy. 100.035 Sorts 100.0 
New diesel- 
electric........ VORG. 6%. wer T2230 Nace 116.0 
Converted 
electric........ PA Val Vutec ae 256 DFS cnn 212.0 


* At maximum short-time horsepower rating. 
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Conclusions 


This study demonstrates that the instal- 
lation of the technological package with 
railway electrification would meet the 
basic needs of the railroads in the Eastern 
District, as stated previously, by reduc- 
tion in operating and maintenance costs 
with a minimum of capital expenditure. 


Also, to assist in attracting additional 
traffic, greatly increased speed for freight 
trains would be required. 
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Discussion 


L. W. Birch (Ohio Brass Company, Mans- 
field, Ohio): In my old psychology book 
there are two types of escape mechanisms, 
vividly described, that stand out in my 
memory. The first escape mechanism 
deals with the “‘scapegoat”’ and the second 
with projection—accusing the other fellow 
of your own faults. Why have I men- 
tioned these two escape mechanisms? I 
have done this because the overhead 
eatenary distribution systems are usually 
considered extremely costly and have, 
many times, been offered as a reason why 
an attempt to electrify a railroad has 
failed. Let us see if this reasoning is right. 

Some readers may be familiar with the 
work of the Joint Committee on Railroad 
Electrification. This committee, which 
consisted of members from railroads, the 
coal industry, power companies, cable 
manufacturers, electric equipment manu- 
facturers, and railway consultants, was 
set up to study the future of railroad 
electrification in the United States and 
Canada. The committee, active in the 
early 1950’s, spent almost 2 years in this 
study. Three contact voltages were in- 
volved: (1) 3,000 volts direct current; 
(2) 12,000 volts alternating current; and 
(8) 25,000 volts alternating current, men- 
tioned in the paper. 

In 1950 and 1951, the use of 25-kv trolley 
voltage was foreign to most of those par- 
ticipating in the study. However, a few 
of us had helped design and install the 
17-mile electrification of Henry Ford’s 
Detroit, Toledo & Ironton Railroad in 
1925-26. The trolley voltage of this 
system was 22 ky. In 1944-45, several of 
the Land Transportation Committee mem- 
bers worked on a New York Central 
estimate, involving electrification of the 
Central from Harmon to Buffalo, N. Y. 
This study was based on the same trolley 
voltages that had been considered in 1950— 
51 by the Joint Committee on Railroad 
Electrification. 

Let us consider the New York Central 
costs and the Joint Committee’s costs for 
25-kv overhead, not including certain 
standard percentages such as contractor’s 
profits, insurance, and interest. We will 
compare only the catenary overhead 
system. If the 1950 cost index for the 
25-ky catenary overhead, without trans- 
mission lines, is 100, then the 1951 Joint 
Committee’s index for the same voltage 
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and the same system is 84, and a review of 
today’s costs indicate that the cost index 
for a 25-kv catenary system is approxi- 
mately 130—not an excessive increase 
over the 1945 index. 

It is doubtful if the overhead cost 
increases are as high, percentagewise, as 
some of the other costs such as equipment 
or signaling. Also, there have been many 
improvements in the distribution art 
since 1945. Based on these indexes for 
catenary overhead distribution costs, there 
is little cause to ask, ‘““Are the overhead 
distribution costs retarding railway elec- 
trification?’’—the subject of a paper which 
I presented at the 1948 AIEE Winter 
General Meeting. 


B. A. Ross (American Electric Power 
Service Corporation, New York, N. Y.): 
The author’s analysis of the economics of 
a proposed railroad improvement package, 
including commercial-frequency electrifica- 
tion, is both interesting and timely. 

The utility industry is well able to handle 
the railroad loads with a minimum of new 
facilities. Studies indicate that existing 
facilities can, in most areas, tolerate the 
phase unbalances which might result from 
the railway loads. While the utility can 
deliver energy at the catenary voltage as 
indicated, it should be remembered that, 
in most areas, only the major subtrans- 
mission circuits (i.e., those circuits in the 
100- to 150-kv voltage range) could tolerate 
the phase unbalances of the single-phase 
railway load without affecting the equip- 
ment of other utility customers. This 
would probably require, in some areas, 
limited extensions in the utility trans- 
mission system, or slight changes in the 
number and location of the railway sub- 
station facilities. 

An additional economic factor favoring 
electrification is the ability of the utility 
industry to hold, or perhaps even decrease, 
the cost of electric energy, whereas future 
oil prices will, in all probability, continue 
to rise. The electric utility’s ability to 
control its future energy prices is influenced 
by the fact that it can: (1) utilize the most 
economic energy source or combination of 
sources; (2) employ either conventional 
or unconventional methods of energy 
conversion with little restriction as to plant 
location or size; (3) still further increase 
the efficiency of energy conversion by 
using larger generating units, new methods 
of conversion, and improved techniques; 
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and (4) improve over-all electric system | 
efficiency and reliability by utilizing higher 1 
transmission voltages, higher capacity, and j 


more efficient station equipment, as \ 
well as improved relaying and operating: 
methods. ' | 
J 
q 


H.C. Cross: In making the economic study | 
referred to by Mr. Ross, the element of | if 
power cost was omitted, since today’s cost of i 
electrical and diesel fuel, delivered at 
locomotive, are considered roughly equ 
Significant differences may be found ‘i 
localized geographical areas. Since the 
electric utility industry is able to | 
future energy prices, this element should 
have thorough consideration when a defini-} 
tive feasability study is made. Also not eH 
worthy is Mr. Ross’ opinion that phase un-- 
balance can be tolerated in most areas, thus : 
assuming the industry’s capability of han- - 
dling “the railroad loads with a minimum of 
new facilities.” 

The remarks by Mr. Birch indicate that 
the estimated cost of a 25-kv catenary sys- 
tem has not increased during the last 15 
years in proportion to other elements 
electrification cost. In this study, a: 
estimate is approximately the same as | 
of the CTC system on a track-mile basis 
For a project such as assumed, the reductiont 
in track miles by use of CTC eliminates 
approximately 35% of the catenary syste 
cost required for a 2-track railroad. Perf 
tion of off-track installation methods mi, 
provide reductions in unit costs below the¢ 
estimates. 

In addition to cost, the fixed property in-) 
vestment required for a catenary system has: 
deterred adoption of electrification. How-. 
ever, today’s railroads are making just suchl 
investments by adopting CTC in order tor 
obtain operating and maintenance savings.} 
The over-all savings resulting from use of thet 
technological package adequately justify the 
catenary system. £ 

The most significant factor involved int 
the study is maintenance cost of diesel: 
electric locomotives. Following presenta- 
tion of the paper, the author has received ar 
indication that railway management m 
not be aware of the extent to which this 
cost rises with advancing age of their 
locomotives. Close study of this trendk 
by individual railroads probably will dis 
close, in many cases, a steeper rate of rise 
than that estimated in the study. This 
factor is crucial with respect to economic 
justification of railway electrification. 
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On the Optimum Synthesis of Random 
Sampling Multipole Filters with 


Stationary Inputs 


H. C. HSIEH 


NONMEMBER AIEE 


N MANY practical engineering prob- 

lems the sampling intervals for the 
ystem are not fixed. They are actually 
andom variables. For example, in radar 
vith nominal scanning period T, occasion- 
lly some samples of the return signals are 
ybsent because of noise or other inter- 
erence. It is referred to as the “missed 
ample’ problem in radar. 

This kind of system has been studied 

© a certain extent by several previous 
nvestigators. Kalman considered the 
yptimum synthesis of a random sampling 
ystem with step input and quadratic 
tror criterion. His synthesis procedure 
s based on the technique of dynamic pro- 
ramming. He made detailed studies on 
he stability of such systems. 
Bergen investigated the minimum 
mean-square synthesis of a randomly 
ampled system with one stationary sto- 
hastic input.? The evaluation of power 
pectral density after sampling in terms of 
hat before sampling and the generating 
unction of the random sampling process 
las been obtained. His synthesis proce- 
lure is based upon the standard Wiener’s 
pectral-density factorization technique.* 
t has been pointed out that, with the as- 
umption of rational functions in s for the 
pectral densities beforesampling, straight- 
orward factorization of the spectral 
lensities after sampling can be carried out 
or two common and important classes 
Mf sampling. 

The purpose of this paper is to obtain 
he design equations for an optimum 
andom sampling multipole filter with 1 
tationary inputs and m outputs. This 
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optimum system is also optimum in the 
sense of Wiener. The system is assumed 
to be linear and time invariant. A set 
of integral equations which the optimum 
weighting functions must satisfy is 
obtained. Transform method is then 
used to solve these equations. 


Formulation of the Filtering Problem 

re 

DESCRIPTION OF RANDOM SAMPLING 
PROCESSES AND SYSTEM INPUTS 


The random sampling of an input series 
means that the samples of this input are 
taken at random time ¢;. The ith inter- 
val T; between the sampling times ¢; and 
ti, 1 1s defined as: 


Ti=tii—k (1) 


Instead of working directly with the sam- 
pling time /;, it is convenient to assume 
that these sampling intervals 7; are statis- 
tically independent random variables 
with a first-order probability density 
function f,;(7). In other words, 


Pr(T<T;<T+dT)=f,(T)dT for alli (2) 


This density function is either contin- 
uous or discrete. 

Let the time series (#) be a sequence of 
very narrow pulses with width y and of 
unity amplitude, which occur at random 
times. The intervals 7; between the 
leading edges of successive pulses are 
statistically independent variables with 
the same first-order probability density 
function f(T). This sampling process 


Fig. 1. Pulse sequence iu(t) 
of randomly sampled input 
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is thus stationary. The random pulse 
modulation of the input may then be 
described by 

: 1 ; 
tu(t) =7 ue) (3A) 
Here a is the ensemble average of u(t) 
and is arbitrarily introduced in the equa- 
tion in order to simplify the subsequent 
manipulations. This sequence of random 
pulse modulation of the input is shown in ~ 
Fig. 1. The randomly sampled input 
a*(), which is usually regarded as the 
impulse modulation of the continuous in- 
put can then be obtained as the pulse 
width approaches zero, Hence: 


4*(t)= lim , u(t)t(t) 
y>0 U 


=" (Dil (3B) 

ii 
where the asterisk denotes the sampled 
quantity and the bar, the statistical aver- 
age. 

The system diagram is shown in Fig. 2. 
The input before sampling at each 
terminal of the multipole filter consists of 
stationary random signal and noise. 
Thus: 


te (t) = Sut) +N) (4) 


These processes have zero means and 
known correlation functions. In dealing 
with multipole systems, it is reasonable 
to assume that the random sampling 
process of each terminal is statistically in- 
dependent of those of the others and 


also of the input processes. Hence, for 

the pulse modulation: 

Se ene ’ 

Tup(t)=— un(t)ix(t) (5) 
Uk ¥ 


and 
ux (up(t-+r) =up! uz for k’ Xk 

= du,u,(r) for k’=k (6) 
where ¢u,u,(7) is the autocorrelation func- 


tion of the sampling process. It can 
easily be shown that, with further assump- 


it, 


\ 
U 
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tion of ergodicity for the process, the 
average value of u(f) is: 


cae (7) 


where 7; is the average sampling period. 
The derivation of ¢u,u,(7) and its limiting 
case duz,*y,*(7) is given in reference 2. 
The latter is expressed by: 


duptuye(r) = tna] (0 + yey 


n=1 n fold 


6(7-T1— oe —Tn)fng(Th. . adler) 


an...at| for r20 (8) 
where fn, is the mth order probability 
density function. 


DERIVATION OF SYSTEM EQUATIONS 


In deriving the system equations, pulse 
modulation is used at the beginning. 
The system errors are defined, as usual, 
as the difference between actual outputs 
and desired outputs; see Fig.3. Thus: 


€3(t) = Cy(t) — Ca;(¢) 


me Sf Wx(r)iu,(t—7r)dr — 
k=i/ 0 
a. Djyx(7) Sx (t— 7) dr 
=l1/ —o© 


= Sal Wyx(r)[Sit—7) + 
=i 


Matt dase 


Spe Dyx(r)Sk(t—7)dr 
2 


j=1, 2, «51 (9) 


and 


240 


Fig. 2 (left). 
Block diagram for 
n+m pole filter 


Fig. 3 (right). 
Error generation 
diagram 


pees ae Wx! (12)d72X 
mre 


oe Wyilri)$t,.4,1 #(rg—11)d1 — 


2 Di | Wx! (r2)d72X 


yes 


fe Dix(r1) busy (72-11) d+ 


oe > ce Dn!(rs)deaX 


ie Dix(71)$8, 1S (72 —1)d71 


j=1,2, ...,m - (10) 


where 
bint” (7) = $5.15," (7) tbs, (7) + 

on, 18,2°(7) ton yw,” (7) 
biys, (7) = bss, (7) +bn,8," (7) 


are the various correlation functions. 
The synthesis criterion is, then, to mini- 
mize these system mean-square errors. 

Investigation is now made of all the 
correlation functions after sampling. It 
has been assumed that each of the sam- 
pling processes is statistically independent 
of the others and also of the input proc- 
esses. 

Thus: 


ux! A 


A Aa ya 


$584'84" (7) = Sx’ (t) 


= bu,u,(7)bs,84(7) for k=’ 


= psx’ sx(7) for RAR’ 


(11) 
Similarly 
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oie a ~ 
= 
= — — <p a 
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Np (t) 


i 


vbw en CP BES es eS omy ba 


a 1 
$8;/Nu" (7) ae duu, (7) bs,N,(7) for & 


“Ta 


= os, Nur) for k#~k’ 


On the other hand, 


Sx! (thun! (t)Se(t-+7) 
Ux! 


for all k and k’ 


P54! Sp = 


"Fra 


= PSx Sy 
and 


bnx'sh (7) =one's,(7) for all & and k’ 


Hence the following equations are 4 
tained: 


biz’ sn (7) =bx's,(7) for all R and k’ a | 
and 5 


big! tg! (vr) =bi4'; (7) for all RAR’ 
1 | 
a puj,uz(7)bi,t,(7) for R=k’ 
k 


In other words, the cross-correlation fun¢ 
tions of the sampled inputs and the 
correlation functions of the sampled an 
continuous inputs, are unaffected by 1 
sampling processes. Since these correla 
tion functions do not depend on the na 
ture of the random-pulse trains, it is ew 


Pi, Sk* (7) = ae Pix! Se (7) = biz'sy(7) 
ya 
for all & and k’ 


and 


The autocorrelation functions of th 
sampled inputs are, on the other hana 
affected by the sampling processes. TI 
as the pulse width approaches zero Wi 
have: 


bi,i,* (7) = lim dye,””(7) 
y>0 
1 
= ea uj, *uy,*(7 )hizty(7) 


The mean-square errors are, in thi 
limiting case: 
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> Daal: Wx! (r2)d72X 


2p? 


2 W jx (71) big t* (72 — 71) d 71 — 


a Daf W jx! (12)d72X 
Peay Kay 


f Djx(71) bi! 83,(72— 71) d+ 


Dyes Djxt (72)d72X 
Ps k= =i 


{ Di(71)bs,18,(72—71)d71 
ail ook. eats 1620) 


he necessary and sufficient condition for 
staining minimum errors is that the sys- 
m weighting functions must satisfy the 
lowing integral equations: 


j ao 
i Wx (r1) bin! * (72 — 11) d 71 


->f. Dx (ri) big’ sy(72— m1) d1 
k=1 


for 7220 
R= Ne eee 
GS Ae) 


hese are the generalized Wiener-Hopf 
juations for a random sampling system. 
he procedure used in deriving these 
juations may be found elsewhere.** 


The minimum mean-square errors are: 


Dan- >) oS 42 ~ Ditlnddnx 


k’=1k=1 


J. Dix(71)bs,18,(72—71)d71 — 


ale Wx! (r2)dt2X 


S398 1 


ip W4x( 71) ix! ,* (72 — 71) d71 
0 


n © 
> iF Djx! (72)d72X 
= =] —o 


: Djx(71)bs,3,(72— 71) 071 — 
—o 


ob Wx! (72)d72X 


eae 


if Djx(r1) big’ sy (72 —71)d71 


ea or ee) 


inimization Equations for Optimum 
Filters 


WER SPECTRAL DENSITIES AFTER 
RANDOM SAMPLING 


The integral equations for the optimal 
ighting functions can be solved as 


VEMBER 1961 


usual by employing the transform method. 
Thus the transformation of the correla- 
tions should first be discussed. As was 
shown in the previous section, the cross- 
correlation functions are not affected by 
the sampling process. Therefore, the 
cross spectral densities, which are the 
transforms of the cross-correlation func- 
tions, are the same before and after the 
sampling. 

The autocorrelation function of the 
input after sampling is proportional to 
the product of the autocorrelation func- 
tion of that input before sampling and 
the autocorrelation function of the sam- 
pling process, as shown in equation 19. 
Since the autocorrelation function is an 
even function, it is possible to express it 
as: 


dea (7) = biym*(—7) +obmm*(7) (23) 


where 

kk * (7) =bxx*(r) for 7>0 
and 

bkyky* (0) = 1/2¢x* (0) 


The two-sided Laplace transform of 
oxe*(7) is then: 


Gin*(S) = Giya* (Ss) +Gige,*(—S) (24) 
where 


Gir, *(s) = Ly [bixa™ (r)] 


where LZ, denotes the conventional one- 
sided Laplace transform. 

It has been shown by Bergen that 
Gixm,*(s) can be expressed by a complex 
convolution integral as: 

le C+7 co 


Grim) 
Cras" ate pe Mal = iG) 


c—jo 


dy (25) 


where Gy,x,(s) is the one-sided Laplace 
transform of the autocorrelation function 
before sampling and 


M;,(s) = generating function of {T} 
in complex variable —S 
= Ele") =Lilf,(T)] 


The function G;,x,(A) will have singulari- 
ties in the left half of the \ plane only and 
1/1—M;(s—)) will have singularities in 
the right half of the \ plane only. There 
exists an analytic strip around the imag- 
inary axis which separates the singulari- 
ties of these two functions. The path of 
integration of the integral lies in this 
strip. The function Gyx,*(s) is analytic 
in the right half of the s plane. 

The spectral-density convolution in- 
tegral of equation 25 can be evaluated by 
contour integration due to the analyticity 
of Gy(A) and 1/1—My(s—r) in the 
different halves of the \ plane. 

Thus: 


(26) 
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Ti 1+ Mi.(s —r) 
* = 
Giyks (s) edie Git, (A) Re TES dx 
(27) 


where [1+ Mi.(s—A)/1—M;(s—))] is ana- 
lytic in the left half plane. The closed 
contour Tz includes the path parallel 
to the imaginary axis and a semi-infinite 
circle in the left half plane. Thus the 
only singularities enclosed by this contour 
are those of Gz,x,(A). 

Several spectral densities after sampling 
which have been evaluated by Bergen, 
are given in the following paragraphs.? 


Purely Random Sampling 


If the sampling times are purely ran- 
dom, then the sampling intervals will be 
statistically independent with the expo- 
nential first-order probability density 
function. 


1 = = 
fala aee oe T=0 
1) T<0 
Thus 
1 
ME S== 
ary 
and 


c+jo 
Gisks* (Ess aa a) Gig (A) X 


eS 
Tibh%,(0) 
; d= Grr, (s) + ; 
sn) Teed 
Hence 
Gun* (s) = Gua(s) + Trbrn(0) (28) 


The effect of purely random sampling is 
thus equivalent to adding white noise to 
the original spectral density. 


Missed Samples Case 


For a system with a nominal sampling 
interval of To, if it is assumed that the 
misses occur independently and that the 
probability of a miss is pr, then: 


f(T) =>) (1—pe)be” *8(T—n To) 


n=l 
and 


(1—px) e *79 


Mi(s)="5 — pent 


It follows that: 


1h 
auteo=se fi Gxx(d) X 
21] TL 


1—erA70 
Fae emIA] AT 
PrTo 
aan 0 29 
1b drx(0) (29) 
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For periodic sampling p,=0, then: 
Ti 
Gux(s)=—— | Gx) 
2nj TL 
1—e2A70 


iar ae GO) 
Hence the effect of misses is equivalent 
to adding white noise to the spectral den- 
sity of a sampled-data system operating 
without misses. 


Spectral Densities of a Markov Signal 


Assume the spectral density of a signal 
before sampling is: 


2Bo? 
Gs;,8;,(s) = ~ epg 
Then: 

OG aoe , i 
Cees) = Till —Mi(s +8) Mi(—s+6)] 


[1—M;(s+6)][1—Mi(—s+8)] 
(31) 
If B—© and o? is bounded, then the 


sampled Markoy signal will approach a 


white spectral density: 
Gs,s8;," = 02T 5 (32) 


It should be noted that the continuous 
spectral density before sampling for this 
limiting case tends to zero. 


TRANSFORMATION OF INTEGRAL 
EQUATIONS 


The integral equations which must be 
solved are shown to be: 


n foo} 
Al Wx (r1) ig’ tx* (72-11) d 71 
k=1/70 
n co 
-> Djx(71) big! g3,(72 —T1)d71 
k=1ld —@ 


for 720 
fp les he at 1B 


These equations should be modified be- 
fore transformation can be applied. Let 
fix’(7) be defined as: 


Fix! (7) =0 


Then the integral equations can be re- 
written as: 


for 720 (33) 


n co 
Dh W jx (ri) big! ty," (72-11) d71 
= 0 


= Dal D3x( 71) ty! sx(72— 
R= le 2 


71) dt +f jx!" (72) 
for all values of 72 and 
ki — Ahi eee, 98 (34) 


With a stable system and the property of 
the correlation function ¢(7) or $*(r) for 
large r(i.e., (7) 0 as |7|— ©), it is quite 
obvious that f;,’(7) will also approach zero 
for very large negative r. In general, 
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fix’(r) will not have any delta functions. 

The application of the two-sided La- 
place transform in solving equation 34 
depends on the existence of an analytic 
strip common to all the functions being 
transformed. For a physically realizable 
and stable system, the transform of the 
weighting functions, which are defined as 
transfer functions of the system, can only 
have singularities in the left half plane. 
The transform of ¢y’%*(r) or ix’ sp (7) 
will have an analytic strip around the 
imaginary axis. Its singularities in the 
left half plane arise from the part of the 
correlation function with positive argu- 
ment and those in the right half plane, 
from the part of the correlation function 
with negative argument. The transform 
of the arbitrarily defined function f;/(r) 
can evidently possess singularities in the 
right half of the plane only. Thus with 
an appropriate specification of the de- 
sired transfer functions, the existence of a 
common analytic strip is always obtain- 
able. Thus the inverse transform is 
unique. It is noticed that this analytic 
strip contains the imaginary axis which 
can be chosen as the path for inverse 
transformation. This line integration 
can always be replaced by contour integra- 
tion. Closing the contour in the left 
half plane will give the function for posi- 
tive ¢. 

Let the two-sided Laplace transform 
be taken on both sides of equation 34. 


D5 Gin’ g*(9) Vixls) 


k=1 


=) (Va) in(s)Gix’ (8) + Fe’ (8) 
k=1 


[Sy Oe 5 anti eR 


where 


Vix(s) = { Wix(t)e *‘dt 
0 


(System transfer functions) (36) 


(Ya) jx(s) = i) 


(Ideal transfer functions) (37) 


Gil i,*(s) = Jt 


aS Gig! iz for k poke 


Djx(t)e *“dt 


inl i,* (te *"dt 


(Sampled power spectral densities of inputs) 


(38) 
Gi,'S,(s) = { 


(Continuous cross-power spectral densities 
of inputs and signals) (39) 


Piz'S; (the * “dt 


0 
Fix’ ~(s) = iB Sint (the “dt (40) 
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Define 


Ni(s)= > KadslsdGuys() 


k=1 


Then equation 35 can be written as: 


nN : 
> Gav's, (8) Vins) = Nise’ (8) + Fin! 

k=1 q 

ey =i5 Pe, Para ( 

In matrix form: . 


GY,;=N,+F;— 


for f= 2 a ee (el 


where the square matrix G is ce 
for all output terminals and is not s\ 
gular, and the vector F;— which is s| 
unknown at this moment can only hai 
pai sek in the right half plane. wi 
=jw, G is Hermitian. Inverting equ 
ae 43, transfer function vectors are: 
A i 

YOON ial (N;+F, 


In this equation, IG| is the determinanti 
G and should not have any root on 1 
imaginary axis. A is the adjoint of G! 

In complex domain, the minimumme 
square errors are 


Biles 
Gand) eg |X 


= De= c—jo 
[( Va) jx’ (Va) xGgy! sp — 
Vix V xGi,i,* lds 
n & n 1 C+j@ 
> » Ph ‘i 
[(Ya) jx (Ya) jxG@sz’s~— 
Vix! (Va) xGiz's, lds 


j=, Ge Gl AD Mm b 


C—jo 


pee 


> | 
Here the integration path lies in the a 
lytic strip common to all these tra: 
formed functions and Y~(s) = Y(— 3). f 


Solution of Traueter punciong) 
the Optimum Filters .| 


FACTORIZATION OF SPECTRAL Dens 
DETERMINANT 


The feasibility of using ee | 
methods to solve the integral equatid 
depends upon the factorization of ~ 
spectral-density determinant lG| into t) 
functions G*(s)G~(s), where G*(s) i 
poles and zeros in the left half plane a: 
G~(s) has poles and zeros in the right bl 
plane. Theoretically, this can alwa 
be done if the Paley-Weiner criterion 
satisfied. Practically, however, the g 
eral procedure specified by Wiener is ¥ 
difficult computationally unless the fa 
tion is of certain convenient forms. 

It is usually assumed that the spect 
densities of continuous inputs can b 
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sed as rational functions in s. Thus 
off-diagonal elements of |G| are all 
mal functions in s. However, the 
ents along the diagonal are the 
oled-power spectral densities. They 
not be rational functions in s. This 
es additional difficulty in effecting the 
ization, which is not encountered in 
simple two-pole systems. 
wo important classes of sampling will 
onsidered. In both cases the spec- 
densities before sampling are all 
med to be rational functions in s. 
he first class, the sampling density 
tating function is rational in s. 
; will include, for example, those sam- 
y intervals governed by the gamma 
ity function.2 Thus the spectral- 
sity determinant, in this case, will be 
sven function of s and the factoriza- 
can easily be obtained. 
1 the second class, the sampling inter- 
density is discrete. This will consist 
1e case of missed samples and the case 
re a finite number of possible sampling 
rvals exists. In either case, the spec- 
density after sampling is a function 
7”, thus the determinant |G| will be a 
tion in both s and e*”". There is no 
7 way to carry out the factorization of 
function. In order to overcome this 
culty, the approximation of e°7” by 
onal function should be used. The 
é approximants (see the Appendix) 
particularly useful in this case. The 
wer the degrees of numerator and 
ominator polynomials of the approxi- 
it, the better the approximation. 
vever, the complexity of the system 
gned will be increased accordingly. 
S$ approach is justified by the fact that 
signals usually have power concen- 
ed in low frequencies and the syn- 
ized system is low pass. It should be 
ed that it is usually desirable to choose 
polynomials of the same degree for the 
zerator and denominator of the ap- 
ximant in order to obtain the simplest 
n for the approximated sampled 
tral density. 
‘hus it has been shown that for these 
classes of sampling the power spec- 
-density determinants will be even 
tions in s. The synthesis procedures 
then be similar to those for continu- 
inputs.‘ 


[MUM FILTERS FOR Two IMPORTANT 
LASSES OF SAMPLING 

he previous section has demonstrated 
fact that, for two classes of sampling, 
m pled spectral densities are rational 
ions in s or can be approximated 
ational functions in s. Thus the 
ral-density determinant can be easily 
om posed such that: 


|G|=G+(s)G-(s) 


where all the poles and zeros of G*(s) 
must lie in the left half plane and G~(s), 
which is equal to G+(—s), can only 
have poles and zeros in the right half 
plane. There should not be any finite 
zero along the imaginary axis. 

The standard procedure in finding the 
physically realizable transfer functions for 
this Wiener type of problem can now be 
adopted. Thus: 


A 
LS iam [N,*F,7] 
or 
GtY 1 1 ‘7 
j= Ga ANat Ge AF, (46) 


The matrix on the left side of the equa- 
tion can have poles only in the left half 
plane. Hence it follows that 


1 G i + 


where { }+ denotes that part of the 
function which has poles in the left half 
plane only. The elements in (1/G~)AN; 
areallknown. Therefore: 


| : AN \ fs (t) Oi 
—~_AN;¢ = g(te 
G 4 ns 


(48) 


The left half plane poles in (1/G~)AF,~ 
can only come from the matrix A. Since 
F,~ is still unknown, the residues or 
coefficients associated with these poles 
can not be determined yet. Thus 


| 
{ese 


will be a column vector whose kth ele- 
ment contains poles which are the left 
half plane poles from the kth row ele- 
ments of matrix A and can be expressed: 


y (s = 


4,M; 


where y; are the left half plane poles, 
which can be multiple, and Cim; are the 
unknown coefficients. A typical transfer 
function can now be expressed by 


n on 
1 1 
Vin=G => An jx > + 
kh =1 
Cimi 
(s—-ya)™* ad 


Hsieh—Optimum Synthesis of Random Sampling Multipole Filters 


In order to determine these coefficients, 
Yjx are substituted into the original sys- 
tem equations. 

It must be true then: 


{GY;}+={N,}+ (50) 


or, more explicitly: 


n Oe 
153 Gin’, *(s) rao 
k=1 
a + 
= {> (Ya) p6oreuaih 
B=1 : 


fork =) 22 mn 


Hence a set of independent linear algebraic 
equations in terms of Cim; will be obtained. 
These coefficients can thus be uniquely 
determined. 

In working an actual problem, it is 
more desirable to modify the expression 
for Yj, as given by equation 50 in order 
to minimize the accumulated computa~ 
tional errors. Since the left half plane 
poles of the cofactors A;,’ will eventually 
be cancelled by the poles of G*, the trans- 
fer functions will take the form of equa~ 
tion 51: 


V5x(s) ? . 
gl aibeh ive +Cn_as “aso 


[tt getgepal | land ty 


(51). 
where 


by =the zeros of Gt 

d,=the left half plane poles of the ideal 
transfer functions vector (Yq); if 
they are different from those of the 
spectral densities or have not been 
cancelled by the poles of G* 

@y=the poles of G*, which have not beem 
cancelled by the poles of the kth 
row element of 


+ AWN; tF;5 : 
EOS 


vector, and where {C,} are the new un- 
known coefficients which will be a linear- 
combination of the old coefficients{ Cim;}. 
This set of new coefficients is always. 
greater in number than the old ones and, 
therefore, more simultaneous equations. 
have to be solved. However, with the- 
aid of a digital computer, the solution for- 
these equations can easily be obtained. 
As a rule, only (n—1) equations of the 
equations associated with the same pole- 
b, of the transfer functions are independ- 
ent. This procedure will be amplified by- 
referring to example 2, discussed later. 
The poles of Yj, are usually simple; how-. 
ever, they can be multiple. 

The synthesis procedure for determin- 
ing the optimum transfer function vector- 
Y, will then be as follows: 
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A—Exact system 


1. When the spectral densities after 
sampling are rational functions in s, the 
spectral-density determinant |G| can be 
factored into Gt(s) and G(s) directly. 
When the spectral densities after sampling 
are functions of e'7", they should be 
approximated by rational function in s 
before factorization. 


2. Express the system transfer functions 
with the form which is given in equation 
51. 


8. Determine the unknown coefficients 
by substituting Y, into the original system 
equations. 


It is evident that the poles of the trans- 
fer functions will consist of two parts. 
First, all the system transfer functions 
will have poles which are the zeros of 
Gt(s). These poles, in general, are com- 
pletely different from the left half plane 
poles of all the spectral densities. Second, 
the transfer functions associated with a 
particular output terminal may contain 
the left half plane poles from the desired 
transfer functions vector (Yq)j. 


ILLUSTRATIVE EXAMPLES 


Example 1. The validity of using the 
fractional function approximation of e*7” 
to the optimum synthesis of system will 
now be shown. A two-pole system will 
be used so that the mean-square error of 
the system from the approximate solu- 
tion can be compared with that from the 
exact solution. 

Let us consider the design of an opti- 
mum filter with a nominal sampling period 
of 1 second and the probability of a miss of 
0.2. Assume the signal is Markov with 
the form 


28 
—s?+6? 


The noise is white but with a finite mean- 
square value of 0.6. The signal and noise 
are uncorrelated. The desired operation 
is pure filtering. 

Thus 


Va(s)= 1 


Ggs(s)= 


In this simple problem, the equation to 
be solved is: 


Giu*(s) ¥(s) = Ya(s)Gss(s) + F-(s) (52) 


The sampled spectral density can be found 
by using equations 29 and 32. 
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e8 fer — 077s | 


Fig. 4 (left and right). Example 
1; probability density function 
is: 


C(t) 


>> 0.8(0.2)"~18(T—n)- 
n=] 


Gii*(s) =Ggs*(s)+Gyn*(s) 


1—e~%8 
Bs —B,-8 —B,8 "ii 
(1 —e8e~*)(1 —e-Fe*) 
0.2 il 
—X1 — 0.6 
0.8 |+o5x 
De chien 
=e—-2 —_—— (53 
g (1—eFe~*) (1 —e Fe’) Side 
The numerator can be factored as: 


fe ae 4 y 
2e8 —e —e S$ =— (1—ae™ *)(1—ave *) 
ao 
where 
ay=e8 —v/e% —1 


Thus 


1—ae* 
aS a A 


with 


b Olen 
me ee ae 


The exact solution for the optimum trans- 
fer function can then be found. 


Mees { 2s)" 


GAGE 
— Le7Fe™* eye —1 ec 41 (84) 
Lae & s+ 


The exact system is shown in Fig. 4(A). 

The minimum mean-square error is: 

a Baap —BN (pis 28 __ 

ete (P-eP)(8-Ve*—1) (55) 
26 

Let the approximants chosen be as fol- 

lows: 


G(jw) 


Fig. 5. Power g 
spectral densities. in 
example 1 
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ef. 
es 1 


(s+ ese | 
Vv ePsi/) 


Sie 


K 


1 
| 
\ 
! 
| 
| 
ih —<——* | 
I 
| 
J 
1 
! 
| 


SYSTEM RANDOM 
SAMPLER 


B—Approximate system whee i 


gh = 4) P ; 
iaeen® 2 aaa | 


) ef@—4 i 
9 V5 116 - | 


K 


28 
(Gai)1*(s) < 41 


| 

j 

] 

Then . 
) 


This approximate system is shown 
Fig. 4(B). Due to the approxin 
used, Vi(s) does not satisfy equatio: 
exactly. . : 


|y¢jw)| 


10] ™/4 1/2 


9m7/\2 7 57/4 
w 


Fig. 6. Gain diagrams in example 1 


ot Cilia V(s)Gii* 
|. (—s) Y(s)Gis*(s) — 


2Y(—s) Va(s)Gis(s)+ 
Ya(—s)YaGgg(s)]ds (58) 
dence, by using contour integration: 
4 ke feet e) | { 4a?+28—B? _ 
2(2Va+8) 28 (4a — 6?) 
(4a?—6?) (108?— 8a) 
882(4a —B?)2 
(1+e-#)(4a?—6?) | 
46(1—e-*8)(4a—B2) +2Ux 
nr (4a?—8?+-4n22?) (4a —B2+-4n2r2) + 
162272 —4(a?—a) 
2nxr[(4a —B82+-4n2r?)?+16n27?] X 
(n?x?+-1) 
~ (a2—a)(2 —e— (8 +2 Ve) _ ¢2 Va—8)) t 
/a(8?—42)(1 —e2V2— 8) (1 —e-Bt2-V0)) ay 


te7( 2a+86 ‘3 

i 1 (59 
28 \2VatBs a ee? 
vhere 

é ef —1 

on ef +1 


Phe infinite series behaves as 


1 
» 2(n2x?-+1) 


nd, therefore, is convergent. 

Fig. 5 shows the spectral densities for 
eal frequencies. It is seen that the 
pproximated sampled spectral density 
ives a reasonably good fit to the exact 
me up to frequency 47/3. After that, 
E deviates from the exact one consid- 
ably. However, the magnitude of the 
mal spectral density Ggs(jw) at this 
uency range is very small. The filter 
3 certainly of low pass (Fig. 6). Thus, 


s 
ai 
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the error introduced by the approxima- 
tion is expected to be negligible. 
Fig. 7 shows the variation of 


as a function of 8. For small 8, which 
implies narrow bandwidth of the spectral 
densities, these two errors agree very 
closely. They deviate very slightly as g 
becomes greater than 1. It can easily 
be shown that both 


approach zero as 60 and approach 1 
as Bo, 


Example 2. The synthesis procedure 
for a multipole filter will now be illus- 


trated. For simplicity, a system with two 
inputs and one output is chosen. The 
signal portions of the inputs are assumed 
to be the same. However, they are cor- 
rupted by different noises. These noises 
are not correlated with the signals and 
are assumed to be white with finite mean- 
square values. Thus the correlation 
functions are: 


$318, (7) i s8,(7) a e7 ltl 
émwi(t) =0.5 for r=0 
=0 otherwise 


and 


oyen(t) =0.2 for r=0 
=0 otherwise 


The samplers have a nominal sampling 
period of 1 second but with missing prob- 
abilities of 0.1 and 0.2 respectively. 
The function of the filter is to extract 
the signal from these two different chan- 
nels; see Fig. 8. 

The power spectral densities for signals 
before sampling are: 


2 
Gs,s,(s) = Gss,(s) Cs 2 
5) 


+1 

and 
ey 
Gs,s,(s) = Gps, (Ss) = et 
Thus 
G i,9,(s) = Gizs,(s) = Gas, (s) = Gis, (s) 
2 
= 581 


and 


2 
Gu in(s) =a Gizi,(S) ed reer 
The spectral densities for inputs after 
sampling are: 


1.622 —0.245(e—*+e’*) 


1.135 —0.368(e*+e") orp 


Ca an (s) = 


Fig. 7. Minimum mean-square errors in example 1 


Hsieh—Optimum Synthesis of Random Sampling Multipole Filters 


245 


1.433 —0.184(e-* +e") 


(61) 
1.135 —0.368(e-*-+e*) 


Girn*(s)= 

The desired transfer functions are: 
1 

(Ya)u(s) = (Ya)(s) nS 


The equations to be solved are: 


Gii,* Yu t+GiuyV=(Va)uGig+ 
(Va)eGig,+ Fue 


Cri, Vu +Gini.* Ypp = ( Va)uGasy+ 


(Ya)wGnssthi2~ (62) 


Now let 


Then 

—s?+2.144 
—s?-+0.853 
—s?+2.367 
—s?-+0.853 


Gizi,*(s)x1.129 (63) 


G inin* (8) 0.962 (64) 


The spectral-density matrix is 
G = 
—s*+2.144 2 
—s*-+0.853 
(65) 
2 —s*-+2.367 


0.962 
1-s? —s?+0.853 


1.129 


1—s? 


Hence its determinant can be factored 
into two functions defined as: 


Gt=1.087 


It is obvious that the right side matrix can 
be written as: 


ays? +418 +a 
(s+1)?(s +0.923) 

bos? +b1s +b 
(s+1)2(s +0.928) 


where a», a;, and dp are the new unknown 
coefficients which are linear combinations 
of Ay and Ai; and be, b:, and bp are an- 
other set of new unknown coefficients 
which are linear combinations of A» and 
Ao. Thus the transfer function vector 
is: 


: (s +0.923) (aes?-+a1s +40) 
(s +0.9558) (s +2.0649) (s-+0.8518 +70.2437) (s +0.8518 — 70.2437) 
(s +0.923) (bys?-++d1s +60) 


Y,= 


If the input of the first channel alone i 
used, the optimum filter and its minimu: 
mean-square error are: : 


1—0.368e~* 0.577 


ae ee eT min=0, 4) 
1—0.155e" s+1° Co) 78 


Tt 


On the other hand, if the input of thi 
second channel only is used, they are: : 


Ya(s) = 


1—0.368e~* O.CSE7 


= 2). al 
Yo(s) = 7 osie® 541. 4 


It is clear then that the multipole filt tet 
has better performance than the co 


(s-++0.9558) (s-+2.0649) (s +0.8518 +70.2437) (s +0.8518 —70.2437) 


Each element is of the form expressed in 
equation 51. It is observed that quick 
exainination on the right side of equation 
68 will yield equation 69 immediately. 

By substituting equation 69 into equa- 
tion 62, six independent equations for 
these six coefficients will be obtained from 
evaluating the residues of the left half 
plane poles. These poles are the four 
poles of the transfer functions and the one 
at s=—1. It should be noted that the 
two equations obtained by using the same 
transfer-function’s pole in the set of 
optimum equations 62 will be dependent. 
However, the two equations associated 
with the pole at s=—1 are independent. 
Thus the optimum transfer functions 
are (equations 70 and 71): 


(s +0.9558) (s +2.0649) (s +0.8518 +70.2437) (s +0.8518 — 70.2437) 


(s+0.923)?(s+1)? 


G- 


Bs (s —0.9558) (s — 2.0649) (s —0.8518 +-70.2437) (s —0.8518 —j0.2437) 


(s —0.923)?(s—1)? 


The matrices N; and A are: 


Mee 
Seal 
Ni= 66 
(66) 
So Sil 
20D ae 
0.068 5?+2.367 2 
re: —s?+0.853 —s?+1 
—2 —s?+2.144 
1129: ——————— 
—s?+1 —s?+0.853 
(67) 


By using equation 47: 


—6.802s —7.503 


Yiu (s) = 


Vie (s) — 


The minimum mean-square error is: 


€min? = 0.5942 


7.3873 Ay Ax. 


1 + + 2 ey: 
orin42 ant 2 art a (s+1) s+0.923  s+0.923 © s+1 
G G —6.687s—7.388 7.873 — An As 
(s+1)? s+0.923  s+1 s+0.923 
(68) 


246 


Hsieh—Optimum Synthesis of Random Sampling Multipole Filters 


(s-+0.923) (0.5882s? +1.0065s +0.468) 
(s+0.9558) (s +2.0649) (s-+0.8518 + 70.2437) (s +0.8518 — 70.2437) 


(s +0.923) (0.67445? +1.1487s-+0.527) 
(s+-0.9558) (s +2.0649) (s +0.8518+ 70.2437) (s+0.8518 — 70.2437) 


sponding 2-pole filters at the expense ¢ 
more complicated system. 

If equation 68 is chosen for the expres 
sion of the transfer functions, then 
four independent equations for the um 
known coefficients can be obtained bij 
evaluating the residues associated wit 
the four poles of the transfer functions 
either from the first or second equatio- 
of the simultaneous equations 62. J 
should be true, theoretically, that thi 
residues associated with the pole $= 
—1 on the left sides of these two sys e : 
equations are 1 and, therefore, are itt 
dependent of the unknown coefficient 
However, because of the computationa 
errors, unfortunately these residues wir 
not be exactly equal to the expectek 
values. On the other hand, the secont 
expressions usually tend to minimize thi 
computational errors which will inevitabl 
occur. : 


Conclusions 


This paper has shown that with s | 
tionary inputs and the assumption « 


statistically independent sampling pro 
esses, an optimal multipole filter in th 
Wiener sense can be synthesized. 


The cross-power spectral densities ¢ 


the sampled inputs and cross-power spe¢ 
tral densities of the sampled and the cor 
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aaa x | 


I(t) = S(t) + NAt) y 


SAMPLERS 


c(t) 


Fig. 8. Example 2, 2+-1 pole filter 


inuous inputs are unaffected by the 
ampling processes. The auto-power spec- 
tal densities of the sampled inputs are, on 
he other hand, influenced by the sampling 
yrocesses. 


2. If the sampled spectral densities are 
i0t rational functions in s, they have to 
9€ approximated, at least for small s, by 
his kind of function. Since the signals 
isually have power concentrated in the 
ow frequencies, the error introduced by 
his approximation is negligible. 


3. The set of generalized Wiener-Hopf 
squations is solved by transform method. 
Factorization of the  spectral-density 
leterminant and the method of unde- 


termined coefficients are employed in obtain- 
ing the optimal transfer functions, which 
are rational functions in s and therefore 
can easily be synthesized with a finite 
number of lumped linear passive com- 
ponents. 


Appendix. Pade Approximants 
for e~' 
gs? 
ins mE 
1 1 


26 13973 I 
Lepey ae) 
WOES 15845 5 
i a te ee 
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with Transport Lag by Mitrovic’s 
Algebraic Method 
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RANSPORT LAG in sampled-data 

control systems influences their 
stability. If this influence is studied as 
the function of transport lag and other 
system parameters, the design procedure 
becomes cumbersome. This paper, which 
applies Mitrovic’s algebraic method,1~* 
presents a new way to analyze and 
synthesize various sampled-data control 
systems such as the cyclic variable-rate, 
multirate, and those with nonsynchro- 
nized samplers, Other related problems 
are greatly facilitated by this method 
also. 
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Making use of flat-top-pulse or 
trapezoid-pulse approximations,’ the pro- 
posed design procedure can be extended 
to cover sampled-data control systems 
with finite sampling duration. More- 
over, this technique can deal effectively 
with problems appearing in sampled-data 
systems in which hidden instability®® 
occurs. 

A simple single-loop system with 
transport lag 7; and the conventional 
linear part characterized by a transfer 
function G(s), shown in Fig. 1, will be 
considered representative in the analysis. 
Procedure and conclusions outlined herein 
are applicable, with only slight modi- 
fications, to other types mentioned. 

Before analyzing the system, a neces- 
sary preliminary is to determine the 
z-transfer function G(z, T:), correspond- 
ing to e "G(s). Since the method 
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to be used is based upon study of the 
system-characteristic equation having 
the algebraic form 


Anz” +an-12” +... +a2+a=0 (1) 


G(z, T;) should be a rational function 
in zg. TJ, is not generally a multiple 
integer of the sampling period 7. Hence, 
to obtain G(s, T;) in the required form, 
T;, must be expressed as 


T,=kT—mT (2) 


where & is the upper integer of T,/T and 
mis a fraction (0<m<1). Finding the 
modified z-transform G(z, m) correspond- 
ing to G(s) and substituting m with 
k—T,/T from equation 2, the required 
form of function G(z, T;) is 


Gz, T1:)=2 “G(z, m)|\m=k—71/7 
=z “YG(z,k—T1/T) (3) 
Using equation 38, system behavior 
is determined by an algebraic equation 
of form 1, and Mitrovic’s algebraic 


method is applied. For convenience, 
this method is stated briefly. 


feel 


Fig. 1. Block diagram of sampled-data 
control system with transport lag 
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T=lsec 


Fig. 2. Correlation between system parameters a and T; 


Considering coefficients a; and ap in 
equation 1 as variables —& and n, and 
using relationships 


— — wets tjorV 1—¢,2=e8" 
= ¢( —enton V1— 52) (4) 


where w, is undamped natural frequency 
and ¢ is the relative damping coefficient, 
will get 
£=d22( —cos con TV 1— €2)e~ Ons? 4. 

a3¢3( —cos won TV 1—f2)e7 20nsT 4, Ps 


n= —e 7°87 asdi(—cos wnTV 1-52) + 
Gago — COS on TV 1—§2)e~ OS 4] 
(5) 
These equations represent the loci of 
points in the 0&-plane corresponding to 
roots with settling time, damping coeffi- 
cient, or undamped natural frequency 
being constant, depending on which 


variable among them is considered as 
constant. Plotting of these characteristic 
curves offers no particular difficulty 
since the table of functions e~” and 
Table I in reference 3 of the functions 
¢:(—cos «) may be used. 

The essential point after plotting these 
curves in the Ofy-plane, using equations 
1, 4, and 5, is to study the position of 
working point M(ai; a) in the same 
plane. For sampled-data control systems 
with transport lag, one great advantage 
of the described method is its ability 
to provide correlation between over-all 
system performance and time T;. 


Absolute Stability 


Attainment of absolute stability is 
now sought. The first step is to extend 


the analysis procedure to learn hoy 
transport Jag and other parameters 
will affect the stability of the system 
A simple example will be presented: 
but the same principles can be used 


with minor modifications, for othe 
configurations. 7 
The representative system shown iy: 
Fig. 1 has the transfer function e 
Ka , a 

a) a (oi 


Applying equation 3, the transform 
G(z, T1) corresponding to this system ig — 


G(z, T:)=2 “KX 
1 1 
2 lelieteense 


When the time 7; is less than 
sampling period T or 


k=1 


5 | 


sora ; 


By substituting this value in equation 7 
the roots of characteristic equatior 
1+G(z, T;)=0 are determined by ~ 


24(K[1—e- 9-79) [1 te et 
Ke-*(?-T8) 1 ¢-97(1_ K)=0 y, 

As known, the system is stable if ak 
roots of the characteristic equation im 
z lie within the unit circle around tht 
z-plane’s origin. ’ ‘| 
The foregoing statement finds expres: 
sion in terms of analysis in the 0£)-plane: 
if the limits of the stable region in thag 
plane are determined by mapping tha 
unit circle (w,=1) from the z-plane inté 
the O£y-plane. : 
The stable region in the O£-plane ¢ 
the representative system is bounded by 


i 

1. The locus of points (I) corresponding 
to the roots with constant w,=1, which i 
the limit curve for complex roots. 


MAXIMUM GAIN Kmax 
S 


04 


OS) 08.) lua aad 
RATIO 1,/T 5 


Fig. 4. Diagram relating gain Kmax to ratio T:/T for various values ¢ 


Fig. 3. Determination of gain Kmax for O<T,<T=1 sec 
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constant c 
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Fig. 5. Determination of gain Kmax for T<T.<2T, T=1 sec 


Since 
ont? _ eo2>= 1 
nd 


2= —cos wonTV/1—¢2 (10) 


he equations 5 become 
= dal fz) 

=—9i(52) 

secauise 

ea) = —1 

(Fe) = 252 


see reference 3), equations 11 of the locus 
f points, corresponding to the roots with 
onstant w,=1, obtain the form 


=26. 


ie (12) 


cr) (11) 


fhere ¢ is the variable parameter. As 
, varies only between —1 and +1, the 
quations 12 represent the straight line 
etween A and B in Fig. 2. 


. The locus of points (Z1), corresponding 
9 positive unit roots (g=-+1), which is 
ne limit curve for positive roots. 


The locus (ZL!) may be written simply by 
stting z=-++1 in equation 1 and by taking 


efficients a; and ap as variables ~ and 7. 


0, in the case of equation 9 
(L*) 
hich represents line (Z!) in Fig. 2. 


mei (13) 


_ The locus of points (L~), correspond- 
g to negative unit roots (g=—1), which 
‘the limit curve for negative roots. 

‘The locus (Z~!) is written in a form 
milar to that of (L') 


Los) 
his represents line (L~") in Fig. 2. 


=t—1 (14) 


Bow, the condition of absolute 
ability, in terms of Of-plane analysis, is 


(== 2-79} — 10°"; 
y ea ne iat abe 301 (SR) 


7 is inside the stable region bounded 
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by the curves (I™), (ZL), and (Z~) in 
Fig. 2. 

Note that co-ordinates of working 
point M are functions of system param- 
eters.) @) 4; oT) pand, Ti, Thus by 
plotting in the same Ofy-plane, the 
stable region and loci of working points 
M for different values of system param- 
eters, the influence of each parameter 
variation upon system stability is easily 
determined. 

When gain K and sampling period T 
are held constant, correlation between 
parameter a and transport lag TJ, is 
found by first assuming that K=2 and 
T=1 sec (second). 

Substituting these values of K and T 
in co-ordinates of working point M gives 


“p= 1 — Oe Cth gS 


nade tb—Tt) 258 


(15) 


For various values of a and T;, equations 
15 represent the net of two families of 
curves as shown in Fig. 2. From the 
part of this net within the triangular 
ABC or stable region, interpolation can 
be employed in finding any pair of 
a and T; values which makes the system 
stable. 

Attention also may be focused on 
correlating gain K and transport lag T,. 
For example, suppose a=1 and 7T=1 
sec, the relation between maximum gain 
for stability limit Kmax and transport 
lag T; is to be found. By inserting 
the given values for a and J into 
equations 15, the co-ordinates of work- 
ing point M become 


g=[1—e— 4-79] K—1.368 
n=l[e7 ¢-79 —0.368] K +0.368 


Evidently, if T; is held constant and 
K is allowed to vary, the stable region 
remains unchanged, but working point 
M moves along the straight line in the 
Ofy-plane determined by equations 16. 
For various values of T;, equations 16 


(16) 
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Fig. 6. Determination of gain Kmax for ¢,=0.1 


represent the family of straight lines 
plotted in Fig. 3. Now, from the inter- 
section points (Ih, Mo, ...Ms) of these 
straight lines and the lines limiting the 
stable region, by using one of equations 
16, the corresponding values of gain 
Kmax are determined graphically. 

In the simple example, analytical 
solution is also possible. It consists of 
determining the intersection points (Mh, 
Ms, ...Ms) with the help of equations 
12, 14, and 16. When the co-ordinates 
& and » of these points are obtained, the 
corresponding equation in equations 16 
will yield the gain values Kmax. In 
doing so, the first part of the curve a in 
Fig. 4, which corresponds to the case 
when 7, is less than 7, can be obtained. 

So far, the analysis has been carried 
out for the case 0S<7,<7. The second 
part of curve a, which corresponds to 
the second sampling period, is given by 
first inserting into equation 7 


k=2 (17) 
Now, for T=1 sec and a=1, the corre- 
sponding characteristic equation is 
~1.36822-+(K[1—e~ @-79] +0.368)z-+ 
Kfle~@-79 —0.368]=0 (18) 
Using the same procedure as for system 
equation 9, the curves which define the 


stable region, corresponding to system 
equation 18, are determined by 


£= —1.368¢0(¢2) +43(f2) 


T") 
n= 1.368¢1( £2) — b2( £2) 
n=—é+0.868) — (ZL) 
n=£+2.368 (Gs!) (19) 


The loci of points ([™), (L'), and (L~) 
have the form shown in the upper right 
corner in Fig. 5. 

From system equation 18, the co- 
ordinates of working point MJ are 


t= [1—e7 G79) K+0,368 


n=le—@-79 —0,368]K (20) 
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Both the enlarged part of the stable 
region and the straight lines defined by 
equations 20 for different values of T; 
are shown in Fig. 5. Applying the same 
procedure used for the first sampling 
period, the second part of curve a is 
plotted in Fig. 4. The computation 
necessary to produce such diagrams for 
more complicated configurations can be 
performed by the proposed design pro- 
cedure with relative ease and in a sys- 
tematic manner. In designing sampled- 
data control systems, where transport 
lag is introduced to provide stabilization, 
the proposed procedure is extremely 
useful. 

Where stabilization and compensation 
by conventional means are difficult, 
sampling can be used often—if the 
sampling period T is properly chosen— 
to improve stability. Thus, when apply- 
ing the proposed technique, an optimum 
value of the sampling rate can be de- 
signed without creating new problems. 
Only sampling period T and gain K need 
to be considered as variable parameters. 
By investigating positions of working 
point M, as in the foregoing examples, 
suitable magnitude of the sampling rate 
can be determined easily. 


Settling Time 


In sampled-data control systems, the 
prescribed maximum settling time often 
appears as a requirement. This usually 
signifies that the adjustable parameters 
of a given system must be set so that 
the system will settle to an essentially 
steady-state value in the required time 
after application of a step-input function. 

Settling time will not exceed the pre- 
scribed maximum value if all poles of 
the system-transfer function have a real 
part greater than some corresponding 
constant value c; that is, if 


wnt c 


Because of equation 4, the foregoing 
condition means that all zeros of the 
characteristic equation in z should lie 
within the circle whose radius is 


w,=e Ons? = e oF 


(21) 


Since this condition is so similar to that 
of absolute stability (w,=1), the design 
procedure which determines a system 
with a prescribed settling time is essen- 
tially that used in the preceding section. 
The only difference is that the radius of 
the circle in the z-plane is not unity. 
To illustrate the design procedure, 
consider again the system shown in 
Fig. 1 with the transfer function G(s) 
given in equation 6. Suppose parameter 
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values are again a=1 and T=1 sec, and 
values are required for maximum gain 
Kmax and transport lag T;, which will 
result in a settling time corresponding 
touGi— Oe 

Since the system will be investigated 
for TJ; values that are less than the 
sampling period 7—that is, for k=1— 
the corresponding characteristic equation 
is 9, into which is inserted a=1 and 
T=1 sec, giving the following equa- 
tion 


22+(K[1—e~ ¢-79] —1,368)z+ 
K(e~@-79 —0,368] +0.368=0 (22) 


Settling time will be less than the pre- 
scribed maximum value determined by 

=0.1 if the roots of equation 22 lie 
inside the circle whose radius is 


w,=e 1? =0,905 (23) 


Limiting curves in the O&-plane, 
corresponding to this circle, are obtained 
by the same method described in the 
foregoing section. Curves (I), (2%), 
and (Z~°**) consequently are defined 
by 


£=dogx(fz)e “17 =1.81f2 
n= —dedr(fz)e 217 =0.82 (T0.805) 
n= e 1 e—gye 2017 =0.905E—0.82 (L~0.905) 


n=—e “17E—aye 217 = —0,905E—0.82 
(19.905) (24) 


These curves are shown in Fig. 6. 

Now, in terms of O&-plane analysis, 
the condition for maximum settling time 
may be formulated. Settling time will 
be less than the prescribed value corre- 
sponding to ¢.=0.1, if the working point 


M(K[i-—e~@-7] —1.368; 


K[e— @-79 —0.368] +0.368) 


is bounded by curves determined in 
equations 24. 

Since the co-ordinates of point M are 
the same as in equations 16, the system 
of straight lines plotted in Fig. 6 is the 
same as was plotted in Fig. 3. The 
same graphical procedure used in the 
foregoing section will produce curve 6 
in Fig. 4 from points My’, Mo’, ...Mo’. 
In like manner, if the required maximum 
settling time corresponds to c,=0.2, 
curve c in Fig. 4 can be plotted. 


+ 
Ris) O 


Fig. 7. A—Block 
diagram of basic 
nonsynchronized Ris? 
sampled-data system. 
B—Equivalent block 
diagram of system A 
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= | 
Bearing in mind that curve a corn 
sponds to c=O—that is, ae 
tendency for gain Kmax to chang 
realized, the amount depending on ‘tl 
magnitude of the maximum settli 
time prescribed and the transport 
By using interpolation, diagram 
Fig. 4 are useful in determining 
pairs of parameter values K and 


the relative damping is specified (co: 
sidering in equations 5 relative dampi» 
coefficient ¢ as constant), the propose 
method is applicable in designing syste! 
transient performance. For systems | 
which hidden oscillations®* can ta‘ 
place, the results obtained in the desis 
of transient behavior by this proc 


Another application of the prop ’ 
method is to systems containing two | 
more samplers operating with the sar 
sampling rates, but not sacha 
in phase, commonly known as sam 
data systems with nonsynehroniz: 
samplers.* 

The block diagram in Fig. 7(A) * 
sents the simplest type, having only t¥ 
samplers S and S, with the same samplil 
period T. However, Sy, “slips” ej 
S by AT sec, where A is a fraction, ¢ 
may be referred to as the slip fact 
Based on the concept of equive 4 
samplers,* Sa may be represented © 
basic sampler S, preceded by an advar 
of AT sec and followed by AT sec del 
as in Fig. 7(B). 

With reference to Fig. 7(B), 
open-loop z-transfer function is : fi 
G(z, A)=Sle*™G(s)]aleA™Gas)] 
where the notation 4 indicates the 
transform corresponding to the functi 
which it prefixes. When G(s) and Go} 
are rational functions in s, it folloc 
from equation 3 and the definitior 
the modified z-transform that 

ale4?*Gi(s)] =2Gi(z, m)|m=a=2Gi(z, A 
3[e47°Go(s)] =Ga(z, m)|m=1—a 

=Ga(z, 1— A) 

Where the roots of the correspon¢ ! 

characteristic equation are located w 


(A) 


(B) 


i 
| 
i 


NOVEMBER | 


stermine stability of the system repre- 
mted in Fig, 7(A); see equation 27, 
hich shows the influence of the slip 
ctor. 


+2Gi(z, A)G2(z, 1—A)=0 (27) 


When the values of A fall within a 
rtain range, the nonsynchronized sam- 
ling usually provides a stabilizing effect. 
1 a distinct class of sampled-data 
ystems, nonsynchronized sampling is 
troduced deliberately to improve stabil- 
y. In designing such systems, the 
ip factor’s optimum value frequently 
lust be determined to find the highest 
ability limit compatible with maximum 
llowable gain. To illustrate use of the 
roposed technique, a simple numerical 
xample is presented, based on the block 
jagram, Fig. 7(A). Transfer functions 
u(s) and G(s) are 


( ere) 
ae s(s+1) 


or both samplers, the sampling period 
mee—1-sec, The effect of slip factor 
. on system stability is now studied. 
Making use of equations 25, 26, and 
7, the corresponding characteristic equa- 
ion is 


2— (0.97 —K [e-5(1-4) — 8 5A FAN] 2 4 
Kle-?5G+4) — 9. 368¢7° 54-4] +.0,22=0 
(29) 


Ao. 


5405 (28) 


Since the shape of characteristic curves 
T), (Z1), and (Z~) does not depend 
n values of coefficients a; and ad, equa- 
ion 1, the stable region corresponding 
9 equation 29 is the same as that shown 
a Figs. 2 and 3, which corresponds to 
he characteristic equation 9. 

Co-ordinates of working point M are 


=[e 5-4) _ 6-9 50+) K— 0.97 


me“) —0.368e "°C 4) 1K +-0.22 
(30) 


For various values of slip factor A 
nd gain constant K, a system of straight 
mes similar to that shown in Fig. 3 can 
e constructed. Then, using the same 


graphical procedure as was applied to Fig. 
3, diagram (a) in Fig. 8 is plotted. Now, 
obviously, any value of slip factor A, 
which lies between 0 and 1, will improve 
system stability. The optimum value, 
procured from this diagram, is 0.76. 

If transfer function G,(s) has the form 


Ke st 
(s-lyarl 
and transfer function G(s) remains un- 


changed, the corresponding characteristic 
equation is 


Gi(s)= (31) 


—0.7532?-+0.607Ke~?*4 sin A+ 
0.106)z+0.082Ke*4 sin (1— A)— 
0.01=0 (32) 


In like manner, by applying the 
proposed technique, diagram (6) in 
Fig. 8 is evolved. In contrast to the 
preceding case, where nonsynchronized 
sampling provided a stabilizing effect, 
here the introduction of any slip factor 
value decreases the stability margin. 

Plotting of diagrams that correspond 
to those in Fig. 8 reveals whether de- 
terioration or improvement will result 
from mnonsynchronized sampling in a 
given system, and shows the optimum 
value of slip factor A. The computation 
is relatively easy. Diagrams relating A 
to other parameters can also be plotted. 
They prove quite useful when designing 
sampled-data control systems where 
nonsynchronized sampling occurs in- 
herently and where it is required for 
stabilizing effects. 


Conclusions 


The proposed design procedure is a 
graphical means of analyzing and syn- 
thesizing sampled-data control systems 
in which transport lag occurs inherently 
or is introduced deliberately to provide 
stabilization. It consists of plotting some 
characteristic curves in the O£y-plane 
and then investigating the positions of 
working point M as the function of 
system parameters. In most cases, all 


MAXIMUM GAIN Kmax 


0 0.2 04 06 08 1 
RATIO. 4/y 


Fig. 8. Diagrams relating gain Kmax to ratio 
A/T for two different systems 


corresponding curves need not be pk tted, 
and often the determination of only 
part of a curve is necessary (as shown 
in Fig. 5). Computations can be per- 
formed with ease. 

The technique is applicable to many 
varied problems that appear in sampled- 
data systems with two or more samplers. 
Analysis and synthesis of such systems, 
having finite sampling duration, can also 
be performed ina straightforward manner. 


References 


1. GrapHicaL ANALYSIS AND SYNTHESIS OF 
FrEpBACK ConTROL Systems, I—THEORY AND 
Anarysis, DugSan Mitrovié. AZEE Transactions, 
pt. Il (Applications and Industry), vol. 77, 1958 
(Jan. 1959 section), pp. 476-87. 


2. GrRApHICAL ANALYSIS AND SYNTHESIS OF 
FEEDBACK CoNnTROoL Systems, II—SyNTHESIs, 
Dugan Mitrovié. Jbid., pp. 487-96. 


3. GrapHicaL ANALYSIS AND SYNTHESIS OF 
FrepBACK CoNTROL SysTEMs, III—Sampriep- 
Data FrrpspackK Controt Systems, Dugan 
Mitrovi¢é. Jbid., pp. 497-503. 


4. DiciTraL AND SAMPLED-DaTa CONTROL Sys- 
TEMS (book), J. T. Tou. McGraw-Hill Book 
Company, Inc., New York, N. Y., 1959. 


5. Sampiep-Datra ConrTRoL Systems (book), 
Eliahu I. Jury. John Wiley & Sons, Inc., New 
York, N. Y., 1958. 


6. HippEN OSCILLATIONS IN SAMPLED-DATA 
Controt Systems, Eliahu I. Jury. Jbid., vol. 75, 
1956 (Jan. 1957 section), pp. 391-95. 


7. Tue ANALysts oF SAMPLED-DaATA SYSTEMS, 
J. R. Ragazzini, L. A. Zadeh. AIEEE Transactions, 
pt. Il (Applications and Industry), vol. 71, Novy. 
1952, pp. 225-34 


Discussion 


. Anantha Pai (University of California, 
Pekcley, Calif.): This paper is a useful 
ontribution to the literature in that it 
xtends Mitrovié’s graphical analysis! to 
near sampled-data systems with time lag. 
Jsing the criteria for stability of linear 
iscrete systems recently discussed by 
ry?! provides an alternate analytical 
ans of deriving the same results as 
sported in the paper under discussion. 
at _ general terms, the new criteria achieve 
. same degree of simplicity for sampled- 
uta systems as does the Lienard-Chipart 


MBER 1961 


4 


criteria (which are a further simplification 
of Routh—Hurwitz criteria) for continuous 
systems. These will be stated now for 
the second- and third-order case and then 
used to find boundaries of the stable region 
in the Oné-plane as well as values for Kyax. 
Criteria for the general mth-order case are 
contained in reference 4. 


SraBiLiry TEST, SECOND ORDER CaAsE* 
where n=2, F(z) =a22?-++a12+-d0, d2>0 
| ao | <2 


|ao+a2|>|a1| or a+a1+a2>0 


—a,+a2>0 (33) 
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SraBiLity TEST, THIRD ORDER CasE* 

where n=8, F(z) =a3z°-+ao2?-+a12-++a, as>0 

|do|<as 

Gp? — A3*<apa2 — A403 

d+ +42+as>0 
—a+a2.—43<0 (34) 


EXAMPLE 1 


Considering characteristic equation 9 of 
the paper, recognizing that a=n, a=£ 
and using equations 33 readily produces 
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|n|<1 (35) 
n+1+é&0 (36) 
a—E+1>0 (37) 


The three inequalities give the stability 
region of Fig. 3 of this paper. 


EXAMPLE 2 


Considering equation 18 of the paper, 
which is a polynomial in z of third degree, 
and using equation 34 will give the follow- 
ing: 


In|<i (38) 
oN — 1808 yb (39) 
n+t—1.368-+1>0 (40) 
n—£—1.368—1<0 (41) 


Careful interpretation of these inequalities 
will reveal the stability region shown in 
Fig. 5 of the paper. 


EXAMPLE 3 


Consider an example of synthesis to 
find the Kyax required for a given system 
to remain stable. The stability test of 
equation 32 of the paper is 


|0.082Ke!*4 sin (1—A)—0.01|<1 (42) 


(0.082Ke 14 sin (1—A)—0.01)?— 
1<—0.753(0.082Ke '°4 sin (1—A)— 
0.01)—(0.607Ke **4 sin A+0,106) 
(43) 
0.082Ke **4 sin (1—A)—0.01+ : 
0.607Ke 1-°4 sin A+0.106—0.753-+1>0 
(44) 
0.082Ke *-*4 sin (1—A)—0.01— 
0.607Ke 14 sin A—0.106 —0.753 —1<0 
(45) 
For a given value of A, relations 42 
through 45 determine the allowable values 
of K. Thus, Kmax is readily obtained from 
the inequalities. For example, take A=1 
corresponding to A/T=1 in Fig. 8, where 
equations 42-45 yield relations 46-49, 


0.01<1 (46) 
This gives no information on K. 

K<7.98 (47) 
K>—3.07 (48) 
K>—-14.7 (49) 


Since only positive values of K are 
considered, Kmax=7.93, which agrees with 
the value corresponding to A/T=1 in 
curve (6) of Fig. 8. Similarily, Kmoax 
could also be obtained for other values of A. 
This method could be applied also to 
examples contained in reference 5 of the 
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N THE ANALYTICAL DESIGN of 

high-speed electrohydraulic  servo- 
mechanisms, an accurate mathematical 
model of the valve-actuator mechanism 
is generally helpful in determining the 
controller and system configuration re- 
quired to achieve the desired over-all 
performance. During past years, various 
forms of electrohydraulic valves and 
actuator mechanisms have been realized. 
Detailed descriptions of these devices 
can be found in a book by Blackburn et 
al.!_ Most previous works on the analysis 
of these systems have resorted to lineariza- 
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tion techniques.” Recently, Butler and 
Turnbull presented detailed analysis of 
simplified nonlinear models.4° Also, Za- 
borszky and Harrington derived describ- 
ing functions for both single and two- 
stage electrohydraulic valves, which per- 
mit analytical design in the frequency- 
domain.*~® The limitations of linearized 
models are discussed by Rausch.” 

The objective of this paper is to 
derive mathematical models which will 


CURRENT GENERATOR 
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MA (SS er ? 
Fig. 1. A typical electro- 


hydraulic valve-controlled V 


actuator 


Wang—Mathematical Models for Time-Domain Design 


paper. Stability tests in reference 4 
give the criteria for absolute sabia 
the case of instability, it also indicates 
number of roots which lie inside or ow 
the unit circle. 

While the paper gives a useful grap 
design technique, the present disc 
outlines an alternate method which ach 
the same results by using Jury’s simp 
stability criteria. Thus, the design 
neer has a choice. 
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Dragoslav Siljak: I read with int 
the discussion by M. Anantha Pai and ¢ 
not consider additional comment necessary 


represent most conventional elec i 
hydraulic valve-controlled actuators wi 
sufficient accuracy for time-domain 
sign and to examine the system from 
general viewpoint so as to reveal some 
its salient features. Emphasis is places 
upon derivation of time-domain tri 
tories for various types of inputs. 

results form a basis for further investiga 
tions on sampled-data and time-optims 
control of electrohydraulic systems. 


System Description 


The system under consideration 
shown in Fig. 1. The functional pari 
consist of a 4-way valve with a genera: 
ized valve-spool driver and a piston-t ' 
actuator rigidly attached to the loas 
The valve-spool driver is usually 
electric torque-motor which is either co 
nected directly to the spool or indir 


through additional stages of hydrauhi 


a ht 


ACTUATOR 


oreo: 


Novemsper 1 


Ts 


plification. The electric torque-motor 
ssumed to be driven by an ideal cur- 
t generator so as to eliminate the effect 
equivalent motor armature series im- 
lance. Also, the actuator load con- 
of mass M,, and a general friction load 


fhe valve-spool displacement x,(7) is 
asured from a neutral position where 
‘spool is symmetrically centered with 
pect to the valve ports. The actuator 
ton displacement, x (7), is also defined 
m a fixed reference corresponding to the 
ddie point of the actuator cylinder. 
th x;(r) and x,(r) are chosen to be 
sitive from left to right. 


sic Assumptions 


The valve is symmetrical (that is, the 
st and outlet ports are identical). 


The oil in the valve cylinder is in- 
npressible and the flow is steady. 


The volumetric flow Q through the 
ve ports can be related to the pressure 
ferential AP and port area Ap instan- 
leously by 


=CeAy sgn AP>/| AP| (1) 


ere Cy is an average discharge propor- 
nality constant. 


The valve is located near the actuator 
that pressure drops and propagation 
1¢ lag due to connecting lines are neg- 
ible. Also, the pressures are uniform 
ide the actuator cylinder volumes V; 
d Ve. 

The supply pressure is maintained at 
onstant value Ps. 


Effects of temperature variations and 
ing on the oil properties are negligible. 


Further assumptions will be mentioned, 
lere applicable, in the ensuing discussion. 


odel for Large Motions 


The equation of motion for the valve 


~ 


ahi a 
A 


MUU LU 


> 


v/, 


Ms&(7)+- Fs [s(7)14+-K sxes(7) 
=Fr+Frliu(r)] (2) 


where M; is the spool mass, F, is a fric- 
tion force function depending upon the 
spool velocity, Ks is a valve spring con- 
stant, and F is assumed to be an ampli- 
tude-sensitive nonlinear function of the 
actual torque-motor current iy(r). In 
particular, Fp may be a hysteresis non- 
linearity caused by magnetic hysteresis in 
the motor. Fs, is the axial component of 
Bernoulli reaction force which is induced 
by a change in the momentum of oil dis- 
charging through the valve ports. Lee 
and Blackburn have shown that Fez can 
be decomposed into steady-state and 
transient components.1! Both compo- 
nents are functions of the flow rate and 
valve port geometry. Thus, coupling 
exists between the motions of the spool 
and actuator load. However, in practical 
design, the actuating force on the valve 
spool can be made large compared with 
Fp by adequate choice of torque-motor. 
Furthermore, proper valve design per- 
mits reduction of Coulomb and stiction 
forces to some nominal values. Since 
the spool motion is small, equation 2 can 
be approximated by a second-order linear 
differential equation of the form: 


Es(7) +26 won vts(7) wn 12% 5(7) 
bi Frliu(r)] 


M; 3) 


The damping ratio [, and natural fre- 
quency wy» may be estimated from the 
manufacturers’ valve frequency response 
data. 

The flow through the valve ports is 
derived by applying equation 1 and the 


continuity relationships; see Fig. 1: 
Qi=Qa—Qir (4) 
Q2= Qs2— Qor (5) 


By considering the mass flow rate into 
the actuator cylinder volumes V; and 
V2, relationships between Qi, Q2, and the 
load motion are established. 


Vilr) 


= P(r) + Vil) +Qx (6) 


_ Var) 
Qe= 3 


Por) + Vor)— Ox (7) 


where £ is the bulk modulus of oil. Since 
the actuator volumes V(r) and V(r) vary 
linearly with load displacement—that is 
Vi(r) = [V2 /2+Aaxx(7)], Vo(r) = [V2/2— 
Agx1(r)]—equations 6 and 7 reduce to: 


| +4ur(7) | 
Q=>———___—— Pi(7r)+41(7)AatQr 
B 
(8) 
| e—Aaests) | 
0.= = ———————= Fs) on ao Ub 


B 
(9) 


where V> is the total oil volume inside 
the actuator cylinder. 

Also, the leakage flow rate Q;, across 
the actuator piston can be approximated 
by a steady flow in an annulus between a 
finite length circular shaft and a con- 
centric cylinder. In this case, Qz, is 
proportional to the pressure differential 
across the piston. 


Qn = Cz[Pi(r)—P2(r)] (10) 


Finally, the equation for load motion is 


Mr#1(r)=AalPi(r)—P(r)]— 
Fy [#z(7)]+Fo(r) (11) 


F,(r) is an external load disturbance 
force. 

The complete system equations can be 
conveniently written in the following 
vector form: 


dU 


5 = HU) +E) (12) 


where U(r) is the system state vector 


given by 
U1 x3(7) 
U2 es 
PaaS x1u(r 
eS potter) (13) 
Us Pi(r) 
Us ; P2(7) 


W(r) is a vector forcing function 


Fig. 2 (left). Discontinuous 
boundaries in pressure (P;, P2) 
plane 


Fig. 3 (right). | Normalized 

velocity response for a relaxed, 

frictionless system with step- 
current input 
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0 
a: lim(r)]/Ms 
(14) 


pat es Fol / Ma 


; 


and H(U) is a vector whose components 
hy are 


I =%5(7) (15) 

n= — 25 wn vts(7)—onr?x3(7) (16) 

hg=%1(7) (17) 
go ee eel 

ere [Pi(r)—P2(r)] We (18) 


Zu(U)=0,. R=T 2. sess M (25) 


Equation 25 represents a set of hyper- 
surfaces which partition the phase space 
into distinct regions Q;. Within each Q;, 
the system behavior is described by a 
particular equation in 24, whose H;,(U) is 
continuous in U everywhere within (2). 

For the system under consideration, the 
mode boundaries are 
xs(7)=0 (for “‘zero-lapped”’ valve) 

—P;(r)=0 

—P(r)=0 
Pi(r)—Pr=0 
Px(7)—P,=0 
&n(7)=0 (if Coulomb friction load is 

present) (26) 


For “‘zero-lapped” valve 
hst= = 2 {Cy| Aplxs(r)]| sgn [Ps—Pilr) }V/|Ps—Pa(r)| — 
| +4avits) | Aati()+ColP(r)—Palr)]} (19) 
x3(7)>0 
(oa eS { —C,| Aplxs(r)]| sen LPo-y)—Pr]V | Palr)—Pr| + 
| oo Aaee(®) | Aatx(1)—CxLPi(r)—Palr)]} (20) 
(Se { —C,| Aplxs(r)]| sgn [Pi(r) —P-]}V | Pi(r) —Pr| 25 
| Hit Aaeats) | Ants 1) CEPT) — Pay (20) 
x3(7)<0 
——— B {Co| A plxs(r)]| sen [Ps—Pa(z) | Ps— Pa(7)| + 
| Aun | A Galea Ra (22) 


Hereafter, ()+ and ( )~ notations will be 
used to indicate the polarity of x;(7). 
Equations for hs and he for underlapped 
and overlapped valves are given in Appen- 
Gixel: 

The system trajectories are restricted 
to a partially closed region in phase space 
(U space) as a result of the following con- 
straints induced by physical limitations 
and design specifications: 


Additional mode boundaries are intro- 
duced by the last two constraints in 
equation 23, 


Pi(r)=P,=0 


P(7r)—P1=0 (27) 


These represent the cavitation conditions. 
A detailed discussion of the cavitation 
phenomenon will be given elsewhere. 


X3(7)| <*s(maxy): The spool travel is limited by the valve’s physical size. \ 
&3(17)| <4sqmaxy): The spool velocity is limited by friction and motor saturation. 
x1(r)| <xz~naxy: The actuator piston travel is confined to the working length of 


the cylinder such that xz(max)<V7/2Aq. 
| ny 1(7)| <1 max): For an external disturbance-free system, the peak actuator piston 


(23) 


velocity is limited primarily by friction and supply pressure Ps. 
Pmax>Pi>P,|: The instantaneous pressures should be kept below a specified safe 
Pmnax>P2>P pressure Pmax. Assuming that the oil in the actuator cylinder is 


ideal and does not completely vaporize, Pi and P2 cannot be lower 


than the oil vapor pressure Py. 


By inspection of equation 12, it is 
evident that its right-hand side is dis- 
continuous in nature. Moreover, the 
phase co-ordinates are bounded due to 
constraints given by equation 23. The 
discontinuities arise from the bidirectional 
flow property of the valve ports and non- 
symmetry of the valve load. 

The system equations may be rewritten 


in an alternative general vector form: 

dU 

5 =H(U)t+W (2), i=1,2...... N (24) 
me 


plus a set of mode boundaries 
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There are some basic questions per- 
taining to the behavior of the trajectories 
upon traversing the mode boundaries, 
For example, the pressures may change 
rapidly across certain boundaries. Such 
cases will not be discussed in the present 
paper. 

From the preceding discussions, it is 
evident that the electrohydraulic actuator 
is basically a multiple-mode nonlinear 
system. This point is further clarified by 
Fig. 2, showing the projection of a typical 
phase-space trajectory onto the pressure 
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(Pi, Pz) plane. The scales are grea: 
exaggerated so as to reveal various ma 
regions. The permissible trajectories 4 
confined within and to the boundan 

Consid i 


of the unshaded regions. 
typical pressure phase eee 
erated by certain forcing W(r), s 


at a. Its mode sequence is as folloy _ 

Trajectory Mode Region Pressure oa 

ab I Pr<Pi(r) SPs} 

Pr<Pilt) < Kk 

be VII Pr<Pi(r) <Ps,! 
Po<P2l(7)< 

cd IV Ps <Pi(7) <P, 3 

Po <Pa2(r) )< Kd 

de Boundary of IV Ps <Pi(r) H 

(cavitation) P2(r) =Po 

ef Boundary of VII Pr<Pi(r) <Ps}, 
(cavitation) P2(r) =P ) ‘ 

fa VII Pr<Pi(r)<Pa,9 

Po <P2(7r) <4 


Time-Domain Trajectories 


In this section, analytical expressid 
for the time-domain trajectories of a c| 
turbance-free system with “zero-lappe 
valve and negligible actuator leakage 
be derived. The return pressure P, is } 
to zero since Ps>>P;,. 


RESPONSE TO LARGE-STEP MoTorR- 
CuRRENT INPUTS 


The large-step motor-current respoz 
is of particular interest to design of tir 
optimal electrohydraulic a 
nisms, where the maximum allowable; 
tor current is applied during thes imi 
mode of operation. 7 

Let the step input current be f 


fence | 4| 


tae) = o for 7>0 


Since Fy is amplitude-sensitive, { 
effective motor forcing is also a step Ww 
magnitude F,(i,). | 
The steady-state equations for % 
are . rae a 
xs( ©) = Fr(io)/wnr?Ms : ( 
Aagtr( ©) = CoA ples @)IV PsP) () 
Aaét(@)=CrAplx)IVPXe) 
Aq[Pi()—P2(©)]=Frléx()] 


For viscous friction load, F,[%,() 
frX1(), the steady-state solutions © he 
the form: 


7 
‘ ; 
2 27 © 1 
ér(©)= Cobh! Wish ae Ny i 
| Big " 8Aq cea “int . 
A, CPA? [xs( co )] Ag 7 
Atzp(~) ; 
Po): => — ; 
of } CP2A p?[x5( ©) ] f | 


Ve 1( © = P s—P 2( 00 ) 
where «;() is given by equation 28. 


Novemser 1! 


in the presence of both viscous and 
ulomb friction forces, that is, F,= 
z+. sgn zz, the steady-state solu- 
ns are similar to equations 32, 33, and 
except for a replacement of P; by (P;— 
(Aa). 

Upon initiation of a step current, P, 
d P; change rapidly as a result of open- 
‘ of the valve ports. Since the load 
inot move instantaneously, the pres- 
-e change is primarily due to compressi- 
ity of oil inside the actuator cylinder. 
tting Agt,=0 and Agx,(r)=Agx;,(0) 
equations 19 and 20 (for 7,>0) gives 
proximate differential equations de- 
ibing the initial pressure buildup. 


oe 
Vr 
|2 +Ae1(0) 


{CrA plxs(7) WV Ps—Pi(7)} (35) 
2 6 


=~ 
~ 


eae OX 
a —Auxs(0) | 


{—CrA plxs(r) /Pxlr)} (36) 


The solutions are 


ep 1/2 Bes 

(r)=P; {(p.p) fi. Fouencayire 
i; “Apteeaeh (37) 

2 : : 


BC s 
[Vr—2Aqx1(0)] 


{ “Antena! (38) 
0 


The step current response of spool can 
approximated by the solution of 
uation 3. 


Fr(io) 
wn. s 


i= {(P./2)4 


Gi 


(Tr) = {i — e—fvam7 yg 


cos OnvW 1—&r] (39) 


Since the port area as a function of x(7) 
known, P,(r), P,(7), x1(7), and éz(r) 
ay be obtained by direct integration. 
nce the force acting on the load is Ag 
(7) —P.(r)], equations 37 and 38 are 
eful for estimating the initial dead- 
ne in the step response caused by static 
ction. 

After the pressures have reached their 
Kk values, the oil flows are primarily 
:. actuator piston motion, and the 


COMPUTER 


fea 
TRAJECTORY [7"| FORCING CURRENT | ig 
DRIVER 


flow contributed by oil compressibility 
is small. 


Vr. dP 
—--A ———"3 
| D) AR our) | de 0, 

8 
V. dP 
| Het 7, 70 


B 


The system equations reduce to a Riccati 
equation: 


(40) 


dit Ae dp, spo [t- 
dr Mal" “LC ApaGl 
fréx(7) 


My, (41) 


For a fast-acting valve with constant 
port width, W,, A,[xs(r)] quickly attains 
its steady-state value WF p(t.) /wnrMs. 

The subsequent system trajectories 
can be accurately described by the solu- 
tion of equation 41: 


for quick estimation of the response time 
of a time-optimal electrohydraulic servo- 
mechanism for various step position in- 
puts, since, in most cases, the load de- 
celeration time is short as compared with 
the total response time. 


TRAJECTORIES IN POWER SERIES FORM 


Power series extrapolations of system 
trajectories in the time domain have been 
used in the design of predictor control 
systems with linear dynamic processes. '” 
This approach is especially useful in 
determining the required forcing functions 
if the control system inputs can be also 
extrapolated by power series in time. 
For nonlinear processes such as the elec- 
trohydraulic actuator considered in this 
paper, the use of a linearized model for 
accurate prediction of the time-domain 
trajectories is usually unsatisfactory. 
The power series approach is applicable. 


t Cr? Wo?xs*( © ) Mz, F ( 2Aq3T1éz(t) fxTr 
ee) — +tanh- a 
spit RealGeee Vr yas ea Faas CPW Px ©) Mz 2My 
21772, v2 co 
fiCv “ee () (42) 
a 
xu(t+7)=xz(t)+ 
T 2Aq®T 1 é1(t) al 
h | —-+tanhk 
Cy2Wo2xs?( © ) My, 1 ad ees sae a o)M, 2M, ee fi i (43) 
2A,3 5 leauge 2Aq®T paz(t) fT ] 2My, 
Cy2?Wo2x5*( ea )Mz 2M, 
Aq 0 ; : 
PL iis 2W,2xe( >) &,7(t+7) (44) Fig. 4 shows a block diagram of a pro- 
thes posed predictor electrohydraulic servo- 
P(t+7r)=Ps—Pi(t+r) (45) mechanism. The system positional input 
h r(r) and the state variables u; of the 
al hydraulic actuator are measured period- 
CrWoxs( ©) My ically and fed into the computer as initial 
ie 2Aq? x conditions for a particular computation 
i forms extrap- 
P 2C,2 W292 00) 7] -1/ period. The computer per p 
| 5 av * ‘i a “ \ ] (46) olations of both the input, r(7), and the 
a 


A normalized plot of load velocity given 
by equation 42 with #,(/) and f, equal 
to zero is shown in Fig. 3. For this case, 
the step response of a relaxed, fric- 
tionless system for a particular current 
i, can be approximated by that of a one- 
integral plus one-time-constant system. 
The equivalent time constant 7’, is 
proportional to the input current ampli- 
tude 7, and has a value of approximately 
0.75 T,. Equations 42 and 43 are useful 


Fig. 4 (left), Block diagram of 
a proposed predictor electro- 
hydraulic servomechanism 
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actuator trajectories corresponding to 
certain assumed forcings for a future time 
7. Then, on the basis of the extrapolated 
information and a predetermined forcing 
criterion, a control signal is generated and 
fed into the current driver. 

In the subsequent discussion, power 
series solutions of equation 12 will be con- 
sidered. Since the valve-spool motion is 
assumed to be independent of the remain- 
ing system dynamics, equation 12 can be 
written as a time-dependent equation by 
specifying the port area function as a 
power series in r. 


+ =, 7) (47) 
where 
V1 x1(7) 
ye é1(7) 
yi ys | | Pi(r) 
ya P(r) 
255 


21 hs 
mol poos| ee ha 
GY.) | he" (48) 
£4 he 
with Aplxs(7)]=A p(t) +), entn (49) 
n=1 


To determine power series solutions 
for equation 47, the system’s operating 
mode region, 2;, in phase space, must be 
determined from the initial state Y(#) so 
that the appropriate form of G(Y, 7) is 
used for computation. Within Q,, the 
components of G(that is, gi(Y, 7) are 
analytic functions of xz, ¢,, Pi and P» 
simultaneously. The general forms of 
power series solutions are 


ex(t-+r)=x1(t)+ >) Tint” 


n=1 


ax(t-+-r)=a2(t)+) ) Yont” 


n=1 


a (50) 
Pltt+r)=Pt)+>, YanT” 
n=1 
Pr(t-+r)=Plt)+) ) Yonr” 
n=l 
where 
Ya=gi(t) 
4 
vent 9 ha, +28 y(rn0), 7=0 
4 - 
age <= we 
ja OM if 
YnY, 
~ ay; a fl 
ae vat1/2 2 = NY Geoaat 
OyjOT ar 
1 
Yan =a Pwilrn, Vass Vase Vet ay} 
j=1to4 (51) 
Pyt are polynomials in Vp, V 72). 2+ -Vy(n—2). 


dp. 


S*+ 2B Ony s+ ary 
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The domain of convergence may be 
estimated by the following inequality: 


|rl<rit— sry _ (82) 


The constants S, u, and T’ are chosen so 
that S>|gi|,us>u, and T>T’ for all 
values of y; and 7, in a closed domain, 
defined by 
|ye(t-+7)—y(t)| <u; |r| <7, ¢=1,2....4 
(53) 
where pi>0, T>0, and y,’s belong to a 
particular Q,, which implies that the 
system trajectories remain in the same 
region, Q;, in phase space during time 
interval [t, t+7]. 

For short extrapolation time 7, equa- 
tion 50 may be simplified by series trunca- . 
tion and by considering the oil volumes 
on each side of the actuator piston as 
constants during the extrapolation time 
interval [#, t+7]. 

Vilr) = [Vr/2+Aax1(7r)]* 
[Vr/2+Axx(t)] 
Vor) = [Vr/2—Aaxx(r)]~ 
[Vr/2 —Agxz(t) ] 


(54) 


An estimate of truncation error is ob- 
tainable from the following inequality for 
the upper bound of the remainder R; for a 
k-term truncated series solution: : 

R < Wt 
| | (r re ss ings 


we Oe) 


where | 7|<7"<T"(1—e*#/*57") 


ul | ** 


(56) 


It should be remarked that many well- 
known numerical procedures for starting 
the solution of a system of differential 
equations (e.g., Runge-Kutta method) 
consist of matching the first few terms of 
the power series solutions. Moreover, in 
these procedures, no attempt is made to 
obtain solutions explicit in the independ- 
ent variable 7, but rather to compute 
the change in the solution due to a given 


Fig. 6 (left). Flow 
graph for linearized 
system 


Fig. 7 (right). Trans- 

fer function block 

' diagram for a simpli- 
fied system 
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Fig. 5. Phase-plane trajectories of actu 
load after termination of a rectangular curri 


pulse [P,(Tp)=P.(Tp)] 


increment in r. The power series sc 
tions, explicity expressed in terms of 1 
initial state variables, y;(#), and extrapo 
tion time 7, are useful in dete 
required forcing function to satisf 
specified performance criterion. For | 
ample, let the desired load position,r ( 

and velocity, 7(t+7), within a finite tit 
interval, (¢, +7), be specified in trunes 
power series form: 


os z 
Mune 


ret dar+Or+D) Tn(é)x 


n=2 


cn) a 
Attr)=HO)+ED) aD alte"? 
n=2 
Then, a possible approach to the conti 
problem is to find the required po 
coefficients, ay, in equation 49 so tha 
prescribed performance criterion de i 
over the finite time interval, [t, 1-44 
may be satisfied. A typical class of a 
formance criteria has the form: 


minimize [sete ate, 
0 
t(t+7')—a1(t-+17’) dr’ 


\ 
- (s*+21 0,840) 


S(s*+27,Q,,5 +a,2) 


pat 4 Fe Agel Gey) |_ oF 
(s*#2Tans+an) | 


+ th st | 


+ 3 a at (aE a*)] 
os | 


ere ¢ is a specified function of its argu- 
nts. 


ISPONSE TO A RECTANGULAR CURRENT 
PULSE 


In time-optimal and pulse-width-modu- 
ed sampled-data control systems, the 
juired forcing of the output dynamic 
ember often takes the form of a time 
juence of positive and negative rectan- 
lar pulses.1* The valve-actuator re- 
onse to such a current-pulse sequence 
n be readily deduced from the subse- 
lent discussion on single-pulse response. 
First, consider the case where the valve- 
ool motion is instantaneous with respect 
torque-motor current. The valve ports 
en upon pulse initiation at time, r=0, 
id close upon pulse termination at r= T>. 
mce the system response during the 
ilse duration, 0<7<Ty,, is identical to the 
ep response, only the trajectories after 
rt closure remain to be determined. 
learly, they correspond to the free- 
cillation trajectories of actuator load 
id the closed oil columns between the 
tuator piston and the closed valve ports. 
Setting A,|[x;(r)], in equations 19 and 
), equal to zero and performing necessary 
tegrations, the equation for load mo- 
on becomes 

Fy[tz'(r’)] , AaB 


ner So aa I+; 


here r’=7r—T, and x,'(r'=0) =xz(T>). 
he closed oil columns are in effect non- 
near hard springs. 

Equation 59 is valid if the pressures P; 
ad P; never drop down to the oil vapor 
ressure P». 

The first integral for equation 59 with 
t=O0is 


{fer'(r’) 2 léx(Ty) 


Bes 
= ope (IPT 9) — Palo) ee 


%/z¢7") 


3a, Feel Tp) 


mination of total actuator load damping 
provided that the valve is quick-acting. 

A more realistic case would be to de- 
scribe the port areas closure by a trun- 
cated power series in 7’. 


N 
Aplxs(7’)]=An(Tp) +), an(r’)” 


n=1 


(61) 


For a value with constant port width, 
W,, and the spool motion describable by 
equation 3 with F,;=0, (since 7,=0 after 
pulse termination), equation 61 takes 
the form: 


Ap[x(7')]= Wo 40 Tp) +#s(Tp)r'— 


72 
[2 200n vts( Tp) t+eonsxs( Tp) Iie. + Ae 
(62) 


Approximate expressions for load trajec- 
tories are obtainable by direct applica- 
tion of equations 50 and 51. 


dx(r!)=ax(T'p)+ >) Yan(r')" (63) 
“a=1 


*1(r’) =%7z( Tp) +21( Tp)r'+ 


ao 


> 2 (ry (64) 
nN 


n=) 


1 x1'(r') 
Vip 
if oa —x1(Tp) 


Here, 7’ must be restricted to the non- 
cavitating range. 

For the case where F,=0, #,(T,)= 
GA le) VP 2) Aa and Pi(T,) =P, 
(T,) =P;/2, the first few series coefficients 
are 


Yn =0 


Yo2=0 


* 6Mz NY 2LViA(Tp) VT) 


AaB i ( a er Cz) [Ment ser’) | 
ie | H+ (Tp) 
| Bago 
of x1!(r’) YE —24(Tp) —¥1'(r") | 
Vr 60 
EB ~nlT) (60) 
For F,[éz'(r’)]#0, the trajectories i aaa 
ay be constructed in the phase plane  Yua=-~-— 12M, Bas V2 gat 
using the isocline method. Typical ei ie 
jectories for damped and undamped 1 2 CrranA o( Dy 
stems with P:(T,)=P2(Tp) are shown V2(Tp) 4 


Fig. 5. In practical systems, the single- 
alse test is useful for experimental deter- 


a= 1961 


1 1 
lata Sa 
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Yt can be seen that if a: = Wox;(T,) =0, 
then 723 is identically zero. Hence the 
series solution for %,(r’) starts with x(7>) © 
and a term of the order (r’)*. The case 
just cited is a rather special one. In 
other situations, the first three coefficients 
never vanish simultaneously, 

The results derived in this section have 
the following applications: 


1. They may be applied to near time- 
optimal electrohydraulic servomechanism 
design. Since the oil column between the 
closed-valve ports and the actuator piston 
provides an effective means of braking the 
load motion, a possible operating mode for 
achieving a near time-optimal noncavitating 
response (for step positioning) is to open 
the valve ports as wide as possible during 
the initial acceleration period and to follow 
this by a controlled closure of the valve 
ports. The valve port itself acts as a 
nonlinear damper. The approximate port 
closure time function may assume the form 
of equation 59. By specifying the desired 
load response during port closure in the 
form of a polynomial in time, the required 
coefficients a, may be computed. 


2. Calculation of system response to a 
time sequence of rectangular pulses may 


Pa Ghee bas 


Velocity response of the physical 
model to step-current inputs with a time scale 
of 5 milliseconds per large division and a 
velocity scale of 4.64 (A) and 11.6 inches 
per second per large division (B, C); current 


Fig. 8. 


increments: 1 m2 
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be pursued in a piece-wise manner using 
the results for single-pulse response. 


Model for Small Motions 


Linearization techniques are applicable 
for describing the small motion of non- 
linear systems and investigating their 
local stability about their equilibrium 
states. Linearized models of valve- 
actuator systems have been discussed 
extensively in the past.1~*” Here, a 
generalized linear nodel is derived system- 
atically from the basic system equation 
given by 12. Due to discontinuities in 
the right-hand side of equation 12, the 
usual linearization procedure must be 
applied with caution, particularly in the 
case where the system’s equilibrium state 
lies on one of the mode boundaries given 
by equation 25. In a precision servo- 
mechanism with a “‘zero-lapped” valve 
and step position inputs, a mathematical 
model linearized about «s(7)=0 is useful 
for small-motion and stability studies of 
the closed-loop system. Inthe case where 
the input to the servomechanism is of 
ramp nature, the torque-motor operates 
with a bias current, 74, and the steady- 
state load motion will have a velocity com- 
ponent. Then the linearized model is 
derived by considering the load position, 
xz(r), quasi-stationary in time. 

Let the equilbrium and perturbed state 
vectors, denoted by U,” and 6U* respec- 
tively, be defined as 


IN/SEC 


20 


(MA) 


I 


Fig. 9. Experimental and calculated steady- 

state velocities of the physical model with 

step-current inputs (f,=1.6 pounds per 
inch per second) 
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Xse- OXs 
tse bis 
F 66 
Us=| Ho | UU 20. el ne 
tLe orn 
Pe bP 
Ps 5P2 
The ( )+ and ( )~ notations are used 
again to denote the system state corre- 
sponding to positive and negative Xs. re- 
spectively. For xse=0, the notations 
indicate the sign of 6xs. 
Linearization of equation 12 about the 
equilibrium state leads to 
d(sUt 
ae =A+t6U++ 5(r) (67) 
dr 
and 
d(6U- 
SO = BU 380) (68) 
m 


where Atand A~arethe Jacobian matrices, 
associated with H(U), evaluated at Ue* 
and U, respectively. Their explicit forms 
are 


0 1 0 0 
—Onv —26 ren» 0 0 
0 0 0 1 
£ 
a al an) 0 0 hut 
Asi 0 es* dea 
dei 0 oa Aea* 
Ohy* Ohi~ 
Phan aees Nf ee 
Ou; U,t Ou; Uses 


dW (7) is a perturbed forcing vector 
by 


0 0 
pa pee ves 
pxelis i (=) [PLO] oo/ate 
0 
; 0 


(70) 


where Fp, is the mean value of the ex- 
ternal load disturbance force. 

Performing a Laplace transformation 
of equations 67 and 68 leads to 


(sI—A*)6U *(s)=S5W(s) 


(sI—A~)SU~(s)=5 Ps) (71) 


Equivalent transfer functions relating 
d¥2(s) and dY4(s) with various compo- 
nents of 5U* are obtainable by reduction of 
the flow graph of Fig. 6 associated with 
equation 71. 

For a symmetrical, ‘‘zero-lapped,”’ 
rectangular-port (width W,) valve with 
viscous load friction and negligible leak- 
age, the equilibrium state vector for iy,)= 
0; Gse=0) 45 


(72) 


P;/2 
P;/2 


. . + 
The matrix elements Aj; are 


° 
ag 
i 


Ass =Aso =Ass =Aes 
=sz =e =) 


J 3 
As a result of valve symmetry, 


0 
0 0 
0 0 
Aa Aq ‘ 3 6 
M;, Mz 4 
ss se eT 


tem’s small motion about x;= 
described by a single vector equ 
For a value with nonsymmetrical 
characteristics, two equations i 
forms given by 71 are nee 
complete description. 

A transfer function diagram is ae 
Fig. 7. It can be seen from the r 
that the damping of the actuator 
is governed by load friction force z 
This is expected, since for small oil 
the damping effects of the valve port 
negligible. Valve underlap and 
across the actuator piston gener: 
troduce additional damping. Hyst 
and dead-time in the valve torque- 
are included for stability analysis. 
the well-known describing tune ee. 
niques may be used, 


2 hai 


Experimental Studies 


To check the accuracy of the deri 
mathematical models, experimenta 
were performed on a typical valve- 
trolled actuator system and its ec 
sponding mathematical model simulé 
by an analog computer. 
system parameters are listed in Ap 
dix II. 

First, the step-current response of 
system was determined. Fig. 8 sh 


NOVEMBER 1 


ROMA cnn seid in. 


Fig. 10. Analog computer 


solutions of system's step- 


current response (Wnv=943 


radians per second) 


he velocity responses for various step- 
‘urrent amplitudes. 
he steady-state velocities are in close 
igreement with the values computed using 
‘quation 32. The viscous friction co- 
ficient f, used in the above calculations 
was experimentally estimated from single 
ectangular pulse test results. The veloc- 
ty profiles for large currents agree within 
+5% with the corresponding analog com- 
suter solutions in Fig. 10 and the approxi- 


Ce 


ig. 11. (A) Single current-pulse response 
of the physical model with a pulse amplitude 
>f 1 ma and a velocity scale of 2.32 inches 
ser sec per large division. (B) Double 
surrent-pulse response of the physical model 
vith a pulse amplitude of +1 ma and a 
elocity scale of 4.64 inches per second per 
“a division. Time scale: 10 milliseconds 
ser large division; pressure scale: 708 
Sounds per square inch per large division 


NOVEMBER 1961 


Fig. 9 shows that’ 


mate analytical result given by equation 
42. For small current amplitudes, less 
than 2.0 ma (milliamperes), the velocity 
responses of the physical model become 
less damped as a result of the weaker 
damping effect of the valve ports, whereas 
this effect is predominant in large current 
response, 

Figs. 11 and 12 show the system re- 
sponses for single- and multiple-pulse in- 
puts. Actuator pressures P; and P, are 
monitored by means of pressure trans- 
ducers. The multiple mode nature of the 


Fig. 12. Response of the physical model to 

a sequence of current pulses with a velocity 

scale of 11.6 inches per second per large 

division, a pressure scale of 708 pounds per 

square inch per large division, and pulse 

sequences of +4, +2, 0 ma (A) and +2, 
+4, 0 ma (B) 
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system is ‘clearly revealed in the lower 
portion of Fig. 12. The difference in rise 
times is shown by the velocity responses 
to step currents, +2 and +4 ma, which 
agree with the approximate results pre- 
dicted by equation 42. After the cur- 
rent has returned to zero, the oscillatory 
response is due to the motion of the actua- 
tor load coupled with the closed oil 
columns between the valve port and 
actuator piston. High-pressure peaks 
exceeding P; and cavitation are clearly 
indicated. 


Conclusions 


It has been shown that an electro- 
hydraulic valve controlled actuator can 
be represented by reasonably simple and 
accurate mathematical models by making 
suitable assumptions. The basic model 
is shown to be a multiple-mode nonlinear 
system. Simple results are derived for 
step and pulsed valve motor-current in- 
puts and their applications are discussed. 
Finally, the adequacy of the models for 
time-domain design is substantiated by 
experimental studies of a physical model 
and its corresponding mathematical model 
simulated by an analog computer. 


Appendix |. hs and hs for 
Underlapped and Overlapped 
Valves 


Underlapped Valve (With Lapping 
=t Ay) 
For | Xs (T) | < Ay 


 » feed Sr tees 
V: 
[= +Aes(7) | 


[sen [Ps—Pi(r) | Ps—Pa(r)| or 
sgn [Pi(r) —Pr]V | P(r) —P,| = 


Agtr(7)+Cr[Pi(t)—Po(r)]} (74) 


ges a es ahem iaiea aye 


[ Be -ucute | 
[sgn [P;—P2(r)]V| Ps—P2(7)| ~ 


sen, [P:( x) Priv |P)=Bele 
Agtr(r)— CrlPi(r)—P2(7)]} (75) 


As= {esiA, xs(7)]| x 


C,' is a discharge proportionality constant 
for small port opening. 


For x3(7)>Ay: same as equations 19 and 20 


For xs(r)<— Ay: 
and 22 


same as equations 21 


Overlapped Valve (With Lapping +A,) 
For |xs(r)l< Ag 
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ign ee (76) 
[ 22+ Aesutn) 
poeta (77) 


| 2 —Ae(s) | 


For xs(r)>Ao 


he Gs {CoApltalr) — Aol 
[ 2+ Aavate) 
sgn [Ps—Pi(7) WV | Ps—Pa(r)| = 
Agtr(r)+Cr1Pi(r)—P2(r)]} (78) 
3 ok ated Par | —CvA plxs(7)— Ao ]X 


E ~ Aut) | 


sgn [ Po(7)— Pr} | Par) — P| + 
Agé1(r)— Cr|Pi(r)—Po(r)]} (79) 
For xs(7)<— Ao 


hs= wpe Benes {- Cr\A p|xs(7)+Ao]lX 
| resets) | 
sgn [Pi(r)—P-]V | Pi(r)—P;| — 
Agtx(7)+Cx[Pi(r)—P2(r)]} (80) 
he= ae a { Cel Ap[xs(7)+Aol| x 
ry 
E ~Auwi(s) | 


sgn[Ps—P2(r)]W|Ps—P2(7)| + 
Agti(r)—Czr[Pi(r)—P2(r)]} (81) 


Appendix Il. Parameters of the 
Physical Model 


Actuator 


Inertial load (Mz): 0.0311 pound second 
squared per inch (12-pound weight) 

Load Coulomb friction force (F,): approxi- 
mately 4 pounds 

Load viscous friction force coefficient fL, 
determined from single-pulse response: 
1.6 pounds per inch per second 

Piston area (Aq): 0.125 inch squared 

Maximum piston stroke: 5.0 inches 

Total volume of oil in cylinder (Vz): 0.99 
inch? 

Bulk modulus of oil (8): 
per square inch 


2.5>%10° pounds 


Valve (2-Stage Flapper Type) 


wn» =943 radians per second (150 cycles 
per second) 
=0.7 

Port width (W,): 0.1 inch 

Spool displacement for iy4=4.0 ma: 0.016 
inch 

Port discharge proportionality constant: 
104 inches?/(pound)!/? second 


Hydraulic Supply 


Supply pressure (Ps): 850 pounds per 
square inch (gage) 


Return pressure (P,): atmospheric 
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as the latter value ‘“‘goes to zero.) 
The input was, at that time, assumed t] 
be a biased sine wave. The theory dd 
veloped by Oldenburger was unlike tl i 
published by Minorsky regarding tH 
asynchronous quenching of systems + 
scribed by nonlinear differential eq qua 
tions.’ 
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Fig. 2. Input-output characteristic, type B 
nonlinearity (limiter with dead band) 


Oldenburger’s signal-stabilization the- 
ory was extended, in collaboration with 
Nakada,‘ to self-oscillating systems; 
it is here further extended, in collabora- 
tion with Sridhar, to the case of a non- 
linear system, which has one single- 
valued nonlinearity in the loop when the 
stabilizing signal belongs to a stationary 
random process with a Gaussian distribu- 
tion and obeys the ergodic hypothesis. 
Now the definition of equivalent gain 
fakes on wider scope than originally 
stated, and thereby becomes much more 
useful. The original actually turns out 
to be a particular case within the more 
general meaning of the new definition. 
Using this general precept, a method was 
found and is here presented for determin- 
ing the mean-square value of noise to be 
injected at the input to certain self- 
oscillating nonlinear systems in order to 
reduce the output cine to a desired 
value. 


Derivation of Equivalent Gains 


Only nonmemory-type nonlinearities,® 
whose output y may be represented 


Input-output characteristic, type C 
nonlinearity (limiter) 


Fig. 3. 
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as a single-valued odd function f(«) of the 
input «, are within the restrictions set 
for this paper. The two general types to 
be discussed are those nonlinearities (1) 
whose input-output characteristic con- 
sists of straight-line segments, designated 
as ‘‘piecewise-linear,” and (2) whose 
input-output characteristic may be de- 
scribed by a polynomial, designated as 
“polynomial.” 

The equivalent gain g(m) of a non- 
memory-type of nonlinearity is the ratio 
between the average value A, of the out- 
put y and the average value m of the in- 
put x, when the input to the nonlinearity 
consists of a stationary random process 
with a Gaussian distribution. The first 
probability density function p,(x) of the 
input is given by 


1 yt 
pee ae |e ae 


where @o is the variance of the input. 
Thus 


pix) <= 


A 
S08 eo (2) 


The limiting value of the equivalent 
gain defined by equation 2, when m—0, 
reduces to the equivalent gain defined 
by Oldenburger and Liu. This limiting 
value will be denoted as g(0). 

Equivalent gains of the two general 
types of nonlinearities will be derived 
next. 


Piecewise-Linear-Type Nonlinearity 


The different piecewise-linear-type non- 
linearities are shown in Figs. 1 through 7, 
and their input-output characteristics are 
described in Appendix I. Fig. 1 repre- 
sents the most general type and the other 
six are special cases of this nonlinearity. 
They will be classified alphabetically 
from A to G for the sake of clarity. Thus, 
Fig. 1 corresponds to A, Fig. 2 to B, and so 
on. To distinguish between expressions 
for the equivalent gains of each non- 
linearity, classifying letters of the alpha- 
bet will be added as subscripts to g(m). 
Thus ga(m) corresponds to the equiv- 
alent gain of the type-A nonlinearity, 
while ga(0) corresponds to the gain of 
the same type when evaluated at m=0. 

The only expression for equivalent 
gain which must be derived is that of the 
type-A nonlinearity. Expressions for 
other types are obtained by considering 
them as special cases of the type-A non- 
linearity. 

The general expression for A, is 


Av fo F(x) pilx)dx (3) 


The expression for A,, evaluated in 
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Appendix I for the type-A nonlinearity, 
yields 


oil {5 

m 2x 4 2d 
_(b-—m)P Mm, — M2 

ex | Qo \ mer x 


(Fale) 


(2) [Cs 
Clee 
w(s)--(G2)]« 


Taking the limiting value of the right 
side of equation 4 and simplifying the 
resulting expression gives 


z(0) =m er ( gale 
2 [= (Fe ==) rae (Fe =) | ve 


Expressions for equivalent gains of 
the other nonlinearities are now easily 
derived from equations 4 and 5, as illus- 
trated in Appendix IT. 

Equivalent gains of the type-C non- 
linearity (limiter) and the type-G non- 
linearity (ideal relay) are shown in Figs. 
8 and 9, respectively. 


Polynomial Type of Nonlinearity 


The general polynominal type of non- 
linearity is described by equation 6. 


Fig. 4. Input-output characteristic, type D 


nonlinearity 


261 


OUTPUT 


Fig. 5. 


There is no loss of generality in assuming 
that 2 is odd in 


y=f(x) = cnx” +en_1x”™ 2| x| oO 


. nox" “|x| +... +ex|x|t+ax (6) 


The absolute-value signs have been 
used in the right side of equation 6 to 
make f(x) an odd function of x. 

In deriving the equivalent gain, each 
term of the polynomial is considered 
separately. Thus, for purpose of deriva- 
tion, two types of nonlinearities are as- 
sumed. ‘There is no loss in generality by 
this assumption since every term in the 
polynomial belongs to one of the two 
types shown in equations 7 and 8. 


y=) ce" for n odd (7) 
n 
y=f(x)= | ua ai for neven (8) 


OUTPUT 


INPUT 


Fig. 7. Input-output characteristic, type G 


nonlinearity (ideal relay) 
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Fig. 6. Input-output 


Input-output characteristic, type E “nonlinearity (dead-zone 
element) 


The derivation in Appendix III shows 
that the nonlinearity corresponding to 
equation 7 has an equivalent gain gi(m) 
of the form 


fal RE of Di Va EEE ; 
TER 4) r( 2 ) ie 


Taking the limiting value of the right | 


side of equation 9 when m—0 yields 


£10) == nV 240)" P (") (10) 


characteristic, type F nonlinearity {relay with h 


dead _ band) 


Be 


z* exp (—2*)dz | (Dy 


€ 

2086 

rs 

q 

© 0.6 

z fae 
z 

a 04 RSS 
> ses 
a 

a 0.2 — 


Wt | ee 


| 
| 


NORMALIZED MEAN VALUE OF INPUT m/q { 
Fig. 8. Equivalent gain of limiter 
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Fig. 9. Equivalent gain of ideal relay 


Taking the limiting value of the right 
de of equation 11, when m—0, yields 
2¢ = 


0) = = vnls/on,.\n-1 x 
(0) VFX mv 260) f 


2"—-1 exp (—2?)dz (12) 


The equivalent gain of the general 
fynomial-type nonlinearity, defined by 
juation 6, will equal the sum of all terms 
wing the form seen in the right sides of 
juations 9 and 11. 

‘The particular case when 1 equals zero 
equation 8 results in the input-output 
laracteristic of the ideal relay (type-G 
mlinearity). Equating » to zero in the 


tht side of equation 11 should yield the 
juivalent gain of the ideal relay which 
Thus 


as derived in Appendix I. 


(i) ee rf x f =( 13 
Zol ey <a Poe (13) 


20 
The right sides of equations 13 and 30 
are—as they should be—the same. 


Equivalent Admittance of a 
Nonlinearity 


Before the theory of signal stabiliza- 
tion with random inputs is used in prac- 
tical systems, it is advisable to under- 
stand “equivalent admittance” of a non- 
linearity and also know how it may be 
determined. 


Definition: The equivalent admittance Jnl 
(A, ¢o) of a nonlinearity is the complex ratio 
of the amplitude P of the output component, 
which has the same frequency as the input 


RELATIVE AMPLITUDE Af 


! 
wt IN DEGREES 


jz. 10. Waveform, output of limiter for sinusoidal input A sin t 


4 (only half of period shown) 
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Table |. Fundamental and Third-Harmonic 
Components of Output Waveforms Shown 
in Figs. 10 and 11 


V2¢0 
a 
(Normalized 
Rms Value 
of Noise) 0 1 2 3 


When A/a (Normalized Amplitude of Sine Wave) 


equals 1 
Pif Mids seg oa. Lee Onl 40 en O.00s me tO Oaee 
P3/mua.......0.,.0.0323...0.01165...0.00445 
When A/a (Normalized Amplitude of Sine Wave) 
equals 2 
Pi/mia....1.224..1,092 ...0.861 ..:0.652 
Pe/nidese sen. 0. 0.749. 2 0) (0538305700287 


sine wave to the amplitude A of the input 
sine wave. (In this definition, it is assumed 
that the input consists of a sine wave, to- 
gether with Gaussian noise, and that the 
power spectral density of the noise has no 
predominant component with the same 
frequency as the input sine wave. ) 

Notice the similarity between this 
definition and the describing function of a 
nonlinearity, which is Jn/(A, 0).6 For 
the types of nonlinearities considered in 
this paper, the equivalent admittance is a 
real quantity. 


Determination of Equivalent 
Admittance 


Knowledge must be acquired regard- 
ing transmission of a sine wave through a 
nonlinearity in the presence of noise be- 
fore equivalent admittance can be deter- 
mined. The concept of equivalent gain 
may be used, as subsequently explained, 
to determine the amplitude of the output 
component of the nonlinearity having the 
same frequency as the input sine wave. 

If the input to a nonlinearity consists 


Fig. 11. Same as Fig. 10 for “ =2enly half of period shown) 
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Fig. 12 
Waveform, output of 
ideal relay for sinu- 
soidal input A sin 


o) 


wt (only half of 
period shown) 


RELATIVE AMPLITUDE A/B 


of zero-mean noise, together with an addi- 
tional signal of constant value, then the 
gain or amplification of the d-c compo- 
nent of the input is the equivalent gain. 
No restrictions are placed on the fre- 
quency components of the noise. Now 
assume that the additional signal is vary- 
ing instead of constant. If the lowest 
frequency component of the spectral 
density of the noise is appreciably higher 
than the highest frequency component 
of the additional signal, a reasonable 
conclusion is that the additional signal 
is almost constant compared with the 
noise. The validity of this assumption 
increases with an increase in the lowest 
frequency component of the spectral 
density of the noise. 

Hence, if the input to a nonlinearity 
consists of a stabilizing signal and an 
additional signal, the latter varying 
slowly in comparison with the former, 
then the instantaneous gain of the addi- 
tional signal approximately equals the 
equivalent gain. 

This concept will be used now to deter- 
mine the gain of a sinusoidal signal 
through a nonlinearity when noise is 
present. 

Let this noise be stationary and have 
Gaussian distribution with a mean of 
zero and a mean-square value ¢9 (note 
that the mean-square value is equal to the 
variance in this case), and let the sine 
wave be of amplitude A and frequency 
w. Consider half of one period of the 
sine wave as shown in Fig. 10. Divide 
one period into 2n intervals, which is the 
same as dividing half a period into n- 
equal intervals, and erect ordinates at 
mid-points of each interval. When using 
the equivalent-gain technique, assume 
that the sine function is a constant, equal 
to the mid-ordinate value over each inter- 
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val. This is essentially equivalent to 
approximating the sie’ wave by a series of 
steps. 

Consider the Ath interval. The ab- 
scissa of its middle point is A sin r/n(k— 
1/y) = ky. Since the input is assumed to 
be a constant equal to &; over the kth 
interval, the output value of the nonlin- 
earity over this interval is k; g(R:), where 
g(ki) is the equivalent gain of the nonlin- 
earity for an argument &;. The value of 
the output over each 2n interval may be 
determined similarly and the output wave- 
form plotted. A series of steps comprise 
the output response. Fundamental and 
higher components of the output wave- 
form may be determined now, using any 
of the well-known graphical or numerical 
methods. 

Since the system beyond the nonlinear- 
ity is assumed to be essentially a low-pass 
filter, the components of the noise at the 
output may be neglected. 

How to apply the equivalent-admit- 
tance method will be illustrated next by 
showing the transmission of a sine wave in 
the presence of noise through a limiter and 
a relay. 

Figs. 10 and 11 show the input sine 
wave and the output waveforms for a 
limiter when A/a (normalized amplitude 
of the sine wave) is 1 and 2, respectively, 


and V. 2b0/a (normalized rms value of 


a 


the noise) is 0, 1, 2, and 3. For con ven 
ience, a smooth curve has been d 
through the computed mid-ordinate poi 
on the output waveform. One period | 
the sine wave has been divided into 
equal parts for this computation. 
The fundamental and third-har mon 
components of the output wavefor 
in Figs. 10 and 11 were determined 
using a 36-ordinate scheme over one f 


al Wl aban. 


period, and the results are summarize 


in Table I, where P; and P; refer to th 
fundamental and third-harmonic . 


ponents, respectively. 
Similarly, Fig. 12 shows the iaputll 
wave and the output waveforms fot 
ideal relay when A/B (normalized in 
amplitude) is 2 and V2¢o /B is 0.5, 1, 
and 5. Fundamental and third-harm 
components of the output waveforms ai 
shown in Table II. These componer 
may be calculated in the same way f 
different nonlinearities by using know 
edge of the equivalent gain of the nox 
linearity. The ratio of this fundamentd 
component amplitude to the input sim 
wave amplitude is the ee 
mittance. Equivalent-admittance et 
for the limiter and the relay are shown ! 

Figs. 13 and 14. 
| 


Reduction of System Hunting to! 
Destin Value Z| 


gg ra a 


Signal stabilization is generally effe 
tive in a system having nonlinea 
whose equivalent admittance Tul % 
is monotonically nondecreasing in both 
and ¢». The system should be abso! 
stable below a particular value of ga 
when the nonlinearity is replaced by 
simple gain, which means that the line; 
part of the system should not be cot 
ditionally stable. 

In the discussion, it is assumed thi 
the linear part of the system follows 
the nonlinearity is such a good low-pai 
filter that noise feedback may be ne 
lected. 

In Fig. 15, Gi(s), Ge(s), and H(s) rep 
sent the linear elements in the system a3 
NL is the. nonlinear element. Tl 
product G(s) XGo(s)XH(s) is the lina 
part of the loop and is designated GI 


/2¢0 
B 
(Normalized 
Rms Value 
of Noise) 0 0.5 1 2 =a: 
When A/B (Normal Inpu 
PUR oe ee 1,276.01 we © 1. ae 5; doles ita eh vceiieg aa bade 0.623. ( | 
PUG; aR kg oan: OA 8887 coast 0.2087. ase eet y eee 0.0207..... ++. 0.¢ ) 
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NORMALIZED AMPLITUDE OF THE INPUT SINE WAVE A/a 


Fig. 13. Comparison of experimental and theoretical equivalent admittances of limiter 


‘ith no noise at the input to the non- 
nearity, the amplitude and frequency 
the system’s output hunt, if any, may 
> determined by using the well-known 
escribing-function technique. The in- 
rsections of the polar plot of G(jw) are 
vestigated as is the negative of the 
sscribing-function’s reciprocal on the 
ymplex. plane of the nonlinearity. As 
ould be remembered, the describing 
inction is a special case of the equivalent 
imittance. 

What will happen if Gaussian noise 
ith a mean-square value of ¢p is injected 
- the input to the nonlinearity? This 
Mise is going to affect the characteristic 
‘the nonlinearity and, hence, the ampli- 
ide of the output hunt. Using the same 
rpe of argument which justified replac- 
ig the nonlinearity with its describing 
inction when the input was a pure sine 
ave, we can now justify replacing the 
mnlinearity with its equivalent admit- 
ice, since the input is a pure sine wave 
wether with Gaussian noise. 

In the latter case, the amplitude and 
equency of hunt is determined by in- 
sstigating the intersection of the polar 
ot of the linear part—system G(jw)— 
id the reciprocal’s negative of the 
juivalent admittance. As the equiv- 
ent admittance of every nonlinearity 
sidered in this paper is real and posi- 
ve, the reciprocal’s negative of the 
juivalent admittance will lie along the 
sgative real axis in the complex plane. 
he frequency of auto-oscillations is there- 
te determined by the intersection of 
(jw) with this axis. Since this point does 
yt vary with changes in A or ¢o, the 
equency of auto-oscillations is not 
fected by the injection of noise. Fora 
ticular mean-square value of noise, 
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the amplitude of auto-oscillations may be 
determined from the intersection point. 

From the standpoint of signal stabiliza- 
tion, however, our sole interest. in the 
mean-square value of noise lies at the 
nonlinearity input, where hunting can be 
reduced to a desired value. Suppose the 
original hunt of the system is d; units, and 
this is to be reduced to dy units. A hunt 
amplitude of dy units at the system output 
will result in an amplitude of A» units at 
the input to the nonlinearity. This value 
is easily calculated when the actual trans- 
fer functions of the linear elements in the 
loop are known. The value of ¢o1 now 
sought for is one which causes Jy1(A1,90) 
to intersect G(jw). 

The procedure to follow is quite sim- 
ple, as will be made clear after considering 


NORMALIZED EQUIVALENT ADMITTANCE J), 7g 


an example, based on the nonlinear feed- 
back system which is shown in Fig. 16. 
Using the describing function for the 
limiter, it can be shown that the ampli- 
tude and frequency of hunt of the system 
output are 63.5 units and 10 radians per 
second, respectively. As equivalent-ad- 
mittance curves for the limiter are shown 
in Fig. 13, the output hunt is seen to be 58 


units and 32 units for V2¢o/a=3 and 5, 
respectively. Assuming that the noise 
fed back is negligible, then the mean- 
square value of noise at the limiter input 
is the same as at the system input. 


Verification of Equivalent Admittance 


An analog computer was used for 
experimentally verifying the equivalent 
admittance of the limiter. This verifica- 
tion should also serve to verify the 
equivalent gain, since this gain was used 
extensively in deriving equivalent-admit- 
tance curves. 

The output of a commercial white-noise 
generator was passed through a second- 
order shaping filter and was added to the 
output of a sine-wave generator. The 
output of the adder was thus the sum of a 
sine wave and essentially Gaussian noise, 
which sum was the input to a limiter 
circuit. The fundamental component 
of the limiter output was measured with a 
sharply tuned filter. From this, the 
equivalent admittance of the limiter was 
evaluated. The experimentally deter- 
mined points appear as dots in Fig. 13, 
which shows close agreement between 
theoretically determined curves and these 
points. 


NORMALIZED AMPLITUDE OF THE INPUT SINE WAVE A/B 


Fig. 14. Equivalent admittance J, (A, 40) of ideal relay 
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Fig. 15. 


General type of nonlinear feedback system 


Sei Ke Be: 
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Fig. 16. A particular nonlinear feedback system 


Amplitude of Auto-Oscillations of a 
Closed-Loop System 


The closed-loop system in Fig. 16 was 
simulated on an analog computer. Noise 
with different mean-square values was 
injected at the system input for various 
values of the gain constant K, and ampli- 
tudes of the output hunt were measured. 
Results of this experiment, together with 
the theoretically calculated points, are 
shown in Fig. 17. Close agreement is 
again evident between the theory and 
experiment. 


Appendix |. Input-Output 
Characteristics of Certain 
Piecewise-Linear-Type 
Nonlinearities 


Input-output characteristics of the piece- 
wise-linear-type nonlinearities shown in Figs. 
1 through 7 are here described as a function, 
The alphabetical classification of each non- 
linearity is also included. 


1, The input-output characteristic of type 
A nonlinearity, illustrated in Fig. 1, is 
described by equation 14 


m(x—a)+B x>a 


my(x—b) 
y=f(x)= 10 

my(x-+b) 

mAx+a)—B 


b<u<a 
=F <0 
SEW 
xia 


(14) 


2. The input-output characteristic of type 
B nonlinearity (limiter with dead band), 
seen in Fig. 2, is described by the following 


equation: 
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B x >a 
m(x—b) b<xn<a 
y=f(x)= 0 —b<x<b_ (15) 
mi(x-+-b) —a<x<—b 
—B x<—-a 


3. The input-output characteristic of type 
C nonlinearity (limiter), Fig. 3, is 
B x>a 
y=f(x)= {mmx | x| <a 
—B x<—a 
4. Type D nonlinearity, shown in Fig. 4, 
has the input-output characteristic 
m(x—a)+B x>a 
MYX | x| <a 
m(x+a)-B x<—a 
5. Fig. 5 shows the input-output character- 
istic of type E nonlinearity described by 


(16) 


y=f(x)= (17) 


m(x— a) x >a 
y=floe)=40 |z]<a (18) eft 2a 
L mo x +) ¥S—a 29 
= 80 
D> 
x 
uu 
© 60 
WwW 
a 
=) 
E 
_ 40 
a 
= 
< b 
S 20} 
= 
C ¢ 
iw 
Ae 2 4 Crab. 
Fig? <1 dpe Aili NORMALIZED ROOT MEAN SQUARE VALUE OF NOISE 
tude, oscillation of é ¥C@ ‘ 
system output, Fig. LEGEND: x 
16 o—eCALCULATED VALUES o--a EXPERIMENTAL VALUES 


6. The input-output characteristic of " 
F nonlinearity (relay with dead band) 
6, is 


+B x >a 
y=f(x)= 40 |x| <a 
= B Cie 


has the input-output characteristic shoy 


7, The ideal relay or type G nonlinea 
Fig. 7 and expressed by 


+B x>0 

y=f(e)= 2=0 

—B RTD 
Appendix Il. Expression if 


Equivalent Gains of Some 
Piecewise-Linear-Type | 
Nonlinearities = 


Expressions for equivalent gains of typd 
B through G nonlinearities are derived b 
considering them as modifications of ae 
By properly modifying the right sides « 
equations 4 and 5, expressions are foun fd 
equivalent gains of required nounlinearit 
each of which is considered separately. | 


1. Type B nonlinearity (limiter with 
band) is reduced from type A when m=0) 
A. If m=O in the right sides of equation 
4 and 5, the result is 


PH p +m)? 4 
woman] exp } etn 


mexp 4 Om Leap 
3° ee (a) “(yy 

oat) 

Fat rang 


( 
ee | 


oes 

he 

a= 

bo | | 

2 ¥ 3 

ll 

: nw 

earn ‘ 

silat eerencenl ncaa Vl 


aE 
rea 


ena Woe! Merwe 
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jem ext ( ae @ : )| 
V 260 V 26, 


(22) 


Type B nonlinearity reduces to the type 
miter) when b=0 in the former. Let- 
b—0 in the right sides of equations 21 
22 yields 


da P<y | exw {Ste ra 
exp { et sbagtX 
Bela) ae) 
Say lg 


(23) 


)=m, erf om (24) 


Type A nonlinearity reduces to type D 
nb=(0 in the former, yielding equation 25 
n d—0 in equations 4 and 5 


——— me) ieee 
m 20 | 240 
t } = —mMy 
exp ei a as Me 
08 ot am Sx 
E (i =)-+¢ a(® —n)), 
V/ 260 V/ 263 


ee 
m2 \ 20 


equation 26 


pem| rer air 
ml ext Gags) (26) 


Type D nonlinearity reduces to the type 
hen m= 0 in the former and when m,—0 
he right sides of equations 25 and 26 


Be (an) (ae) 
lle eatery 


: | (27) 
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5. The expression for equivalent gain for 
type F nonlinearity (relay with dead band) 
can be derived more easily from the original 
definition than by considering it as a modi- 
fication of any other type. Substituting the 
expression for f(x) from equation 19 for A, 
in equation 3 and then substituting the re- 
sulting expression for 4, in equation 2 vields 
the following 


on) B E i ee i hee ) 
£7(m = — er = 
2m. /2 po v/ 260 


(28) 


and 


2 a® ‘ 
g7(0)=B@! — Xexp | —— (29) 
got 2d 


6. Now type F (ideal relay) reduces to the 
type G nonlinearity when a =0 in the former. 
Letting a=0 in the right side of equations 28 
and 29 yields 


B m 

29(m) =— erf an (30) 
LK V 25 

and 

g9(0)=B (31) 


who 


Appendix Ill. Average Output 
Value of Polynomial-Type 
Nonlinearity 


In this derivation, rather than consider 
the general polynominal-type nonlinearity 
described by equation 6, the two special cases 
described by equations 7 and 8 are viewed 
separately. 

For case 1, ” odd, substitutions from equa- 
tions 1 and 7 in equation 3 will produce the 
following 


@o Aas 2 
Caaf ci exp} St a 
/ 2d — oo 20 / 


(32) 


By suitable change of variables and 
manipulation of the results, it can be shown 
that equation 32 yields 


n=1 


Wee us as V 240 za 
wen (n—k)! k! 


where [' represents the gamma function. 


For case 2, » even, substitutions from 
equations 1 and 8 in equations 3 will pro- 
duce 


—¢ Des purl 
IN eS me exp} dx=- 
F wea 260 
x— m1)? 


A [eet 
V/ 24h 0 2$0 


By suitable changes of variables and 
manipulation of the results, equation 34 
yields 


tas (34) 


k=0,2,4 


V 260 
eG )! ii m 
m 
ap - z* exp (—2%)de+ 
0 

n aS 

Se tle 
mari hie ae 

2 exp (—2?)dz 


k=1,3,5 
ale (35) 
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Discussion 


R. L. Cosgriff (Ohio State University. 
Columbus, Ohio): The authors are to be 
congratulated for focusing attention on 
characteristics of nonlinear systems excited 
by random signals. This discussion will 
review similar work and deal with exten- 
sions of the method presented in this paper. 

A classic in the control field, which tells 
how to linearize the characteristics of a non- 
linear device by a secondary or dither 
signal, is reference 1, and a general lineariz- 
ing process is described by Loeb in reference 
2. 

The problem of random signals discussed 
in this paper is so closely associated with the 
gain function defined by Booton® that their 
small signal gain g:(0) is identical to Booton’s 
gain function. Much of the paper’s develop- 
ment parallels that of reference 4, although 
the techniques differ for obtaining the deter- 
ministic portion of the output signal. 

Both treatments produce identical 1e- 
sults for nonlinearities of the form y=x" 
when m is odd. Reference 4 also gives the 
series form for the terms when z is even, 
and allows determination of the output’s. 
expected value for nonlinear blocks, charac- 
terized by more general types of nonlinearity 
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than were possible with the author’s de- 
velopment. For example, the expected 
value of y for 


y=x(dx/di)? 
and for 
x =m(t)+n(t) 


where m(t) is a known signal and x(t) is 
random with mean zero is determined by 
first substituting for x, giving 
y= [m(t)+n(i)] [(dm/dt)?+ 

dm dn 


2— — d at)?| 
Ph i 


The expected values of y become 


=m/() EE (2) 


Here co,” is the variance of dn/dt. For 
m(t)=A cos wt, the value of y’s funda- 
mental component is 


2 
(<2 Dea ) COS wt 


The authors’ development of the gain 


function for certain nonlinear elements, for 
sinusoidal input signals, and for a random 
signal—based upon the concepts of Kochen- 
berger and others—should prove to be 
useful; see Figs. 13 and 14, I regret that 
curves for relay with dead band were not 
included. However, the omission is under- 
standable when considering the difficulty 
of presenting the data alone. 


REFERENCES 


1. FUNDAMENTAL THEORY OF SERVOMECHANISMS 
(book), L. A. McColl. D. Van Nostrand Company, 
Inc,, Princeton, N. J., 1945, pp. 79-87. 

2. A GENERAL LINEARIZING PROCESS FOR NON- 
LINEAR CONTROL SysTEMsS, J. M. Loeb. AuTomaTic 
AND Manuat Controt (book). Academic Press, 
Inc., New York, N. Y., 1952, pp. 275-83. 

3. ANALYsIS OF NONLINEAR CONTROL SYSTEMS 
WwItH Ranpom Inputs, R. C. Booton. Proceedings, 
Nonlinear Circuit Analysis Symposium, April 24, 
1953, pp. 369-92. 

4. NonirneaR Controt Systems (book), R. L, 
Cosgriff. McGraw-Hill Book Company, Inc., 
New York, N. Y., 1958, pp. 270-80. 


R. Oldenburger and R. Sridhar: Prof. Cos- 
griff’s discussion adds greatly to the value 
of our paper. Certain developments cited 
by him parallel part of our work, although 


A Graphical Method for Finding the 


Frequency Response of Nonlinear 


Closed-Loop Systems 


A. S. McALLISTER 


STUDENT MEMBER AIEE 


EVERAL methods!” have been de- 
veloped for finding the steady-state 
sinusoidal response of closed-loop sys- 
tems containing nonlinear elements. 
Most of these methods require either un- 
necessarily severe assumptions or long 
iterative procedures. This paper pre- 
sents a graphical procedure for finding the 
frequency response of a large class of sys- 
tems for which the describing function 
provides an adequate representation 
for the nonlinear elements. Attention is 
restricted to frequency-insensitive zero- 
memory nonlinear elements. The 
method is direct, requiring only an under- 
standing of the point of view, and it can be 
extended to cover systems containing 
more than one nonlinear element. 


A Determination of Closed-Loop 
Sinusoidal Response 


Consider the single-loop nonlinear sys- 


tem shown in the block diagram of Fig.1. 
The blocks marked gi, go, and / are linear 
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elements whose input-output relations can 
be expressed by the usual transfer func- 
tions using the Laplace variables, G;(s), 
G.(s), and H(s). The block marked nis a 
nonlinear element whose instantaneous 
output can be expressed as a single-valued 
odd function ofitsinstantaneousinput, that 
is, this block is a frequency-independent 
zero-memory nonlinear element. Under 
these conditions, if the system input r(f) is 
a steady sinusoid, the other system sig- 
nals e, x, y, c, and f are generally periodic 
but not necessarily sinusoidal. In an 
important class of control systems the 
linear elements have low-pass character- 
istics, so that even though y may be non- 
sinusoidal, its higher harmonics are filtered 
as the signal passes around the loop, 
making x very nearly sinusoidal. Under 
these conditions only the fundamental 
component of y is of importance in ana- 
lyzing the closed-loop sinusoidal behavior. 
Thus, with the limitations of frequency 
insensitivity and zero memory, the non- 
linear element can be approximated as a 
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our main interest centers around stabil 
ing a feedback control system in limit & 
operation by injecting a random sig 
This specific problem is not satisfactor 
explained in any of the references mention 
in the discussion. ¥ 

The theory of signal stabilization can, 
extended rather easily to nonlinea rit 
more general than the ones consi 

This is evidenced by Professor Coss 
example of the nonlinearity whose a 
involves the input and its derivative. Heé 
ever, this is a matter of details rather tl 
generalities. The theory’s extension tos 
tems with nonsingle valued and other ec 
plicated nonlinearities warrants furtt 
work. A simple example is a system BH 
has an element with hysteresis. 

The theory developed to explain sigi 
stabilization with random inputs eviderz 
may be extended to yield more informats 
It can, for example, obtain stability inform 
tion for nonlinear systems with a n¢ 
pickup in the loop. (See reference 7 ; 


: 
REFERENCE 


1. STABILITY OF A NONLINEAR FEEDBACK 

IN THE PRESENCE oF GAUSSIAN NOISE, R 

R. Oldenburger. Paper no. 61-J AC-5, > 
Society of Mechanical Engineers, New York, \ 


¢ 


a 


7 


linear gain element whose gain Mi (X) | 
function of only the amplitude of the 
put X. This gain is the describing fil 
tion of the nonlinear element. Throw 
out this analysis it is assumed that t 
input of the nonlinear element is sinuso¢ 
and the describing function is an adequy 
representation of the nonlinearity. A! 
ysis of the system can be carried | 
if all the system signals are consideree 
be sinusoids of the same frequency wi 
the input r is sinusoidal. ft 

It should be noted that even if the: 
tem loop has a sufficiently low-pass e1 
acteristic, so that the describing func 
method may be used for sinusoidal a¢ 
ysis, the system output c need not nes 
sarily be a pure sinusoid but can cor : 
harmonics. If the values of any ° 
monic components of the output areé 
sired, they can be approximately dd 
mined by first assuming that the desc 
ing function gives the correct value ¢ 
This value is used to find the ha: 4 


priate values of w. ‘ 

Now, if all the signals of the system 
sinusoidal, then the system is lineari 
any given value of the gain, N, andé 
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1. Feedback control system containing a 


nonlinear element 


E 113.2(s +1)| X Y C 
gical lg a 


2. Specific example of nonlinear system 


A—Block diagram 


B—lIdealized saturation 


10) 5 10 15 20 
20 LOG {xl 


_ 3. Describing function for idealized 
saturation of Fig. 2 


0) MAGINARIES 


REALS 


ig. 4. Root locus for system of Fig. 2 


plitude ratio and relative phase of C 
R can be obtained in the usual 
mer, 

Gal jeo) N(X)Ga( joo) 
1+Gi(jo) M(X)G2( jo) HGo) 
is, the ratio C/R can be determined for 
given N and frequency w. Un- 


ja, N) = (1) 
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Fig. 5. 
quency response of system of 
Fig. 2 for various values of N 


Closed-loop fre- 


PHASE OF C/R IN DEGREES 


4-18 


AMPLITUDE OF C/R IN DECIBELS 


’ 
nN 


1 esc eS 


nm 


oOo a 


AMPLITUDE OF X/R IN DECIBELS 


Fig. 6. X/R curves for system 
of Fig. 2 


fortunately this is not the information 
that is desired; what is needed is the 
value of this ratio as a function of the 
amplitude and frequency of the input R. 
But the value of X (and therefore the value 
of NV) is not immediately obtainable when 
Ris given. Indeed, X is a very compli- 
cated function of R. The transfer func- 
tion relating the two, 


Se aseen Gi( jw) 
R 14+Gi(jw)N(X)Gx jo)H( jo) 


(2) 


is a function of X. The solution of equa- 
tion 2 for X, in terms of R, is usually pro- 
hibitively difficult even for the simplest 
nonlinearities. 

However, if the point of view is slightly 
changed, a method which readily lends 
itself to graphical solution is presented. 
The solution of equation 2 is extremely 
dificult or sometimes impossible, when 
R is treated as the independent variable 
and the corresponding values of X and NV 
are sought ; however, the solution is simpli- 
fied if X is taken as the independent 
variable. For a given amplitude of X, N 
isa constant and X/R is an ordinary linear 
closed-loop transfer function which can be 
solved as a function of frequency in any 
of the usual ways.'®® Thus, R can be 
found as a function of frequency for the 
given X. If this is done for a sufficient 
number of values of X, the difficulty will 
have been circumvented. R will be 
known for every frequency, w, and every 
gain value V. Now, when the amplitude 
and frequency of an input, R, are given, 
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4-5-6" 850 20 
W IN RAD /SEC 


30 480 


the accumulated data are examined and 
the corresponding value of NW is found. 
This value in equation 1 gives the desired 
output C. 

It is desirable to have a complete set of 
data relating C to R for all amplitudes and 
frequencies of R; this may be accom- 
plished by utilizing all the data that 
relate NV to R in the repeated solutions of 
equation 1. At first glance this appears 
to be a tremendous task, but with sys- 
tematic procedures and graphical tech- 
niques it is no more difficult than the 
plotting of the closed-loop frequency 
response of a linear system for several 
values of loop gain. The following sec- 
tion illustrates such a graphical method 
of solution. 


Example Using a Graphical 
Approach 


A specific example of the system of Fig. 
1 is shown in Fig. 2(A) where is taken as 
idealized saturation as shown in Fig. 2(B). 
The describing function, NV, for satura- 
tion has been given by many authors” and 
is shown in Fig. 3. Though much of the 
work of this section is carried out in terms 
of the complex Laplace variables, it must 
be remembered that under the assump- 
tion of the describing function the anal- 


_ ysis is only valid when x is less than the 


saturation value 1 or when s is purely 
imaginary, s=jw, that is, when the signals 
are all steady-state sinusoids of the same 
frequency. 
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AMPLITUDE OF X/R IN DECIBELS 


The two transfer functions which are of 
interest can now be written 


13.2(s+1) , 10 
E s(s+10) Ss 


R 1 B+) 10 


s(s +10) 5 
* N132(s+1) (3) 
~ §%s+10)+N132(s—1) 
13.2(s+1) 
ae s(s +10) 
ia) 1386-1) 
bs s(s+10) ae 
132s(s+1) Ces (4) 


~ 5%(s+10)+N132(s+1) R N10 


To plot curves of these functions for s= ju, 
the roots of the denominator common to 
both functions must be determined. The 
location of the roots can be obtained as a 
function of N by means of the root lo- 
cus'™4, The root locus for the system 
under consideration is shown in Fig. 4. 
The linear gain 132, is selected so that the 
complex roots have a damping factor, ¢= 
0.4, when operating in the linear region. 
The values of the describing function, JN, 
are marked on the complex roots in Fig. 4. 
The real roots are not marked. The 
data from Fig. 4 are given in Table I, 
where 


s*(s+10)+1382N(s+1) 
=(stps)(s +2fanstwn?) (5) 


132 is the loop gain, N the describing 
function, ¢ the damping factor of the 


8 10 20 
W IN RAD /SEC 


Fig. 7. Replot of Fig. 6 with 
|R| =6 db points identified 


20 30 40 


complex pair of roots, w, the undamped 
natural frequency of the complex roots, 
— ps the location of the third root, and 
[x the value of input to the nonlinearity 
corresponding to WN as obtained from Fig. 
3. It can be seen in Table I that the 
values of gain were chosen so that the 
values of the damping factor, ¢, would be 
simple. This was done so that standard 
templates could be used to draw the fre- 
quency response curves. 

For constant values of JV, all the poles 
and zeros of equations 3 and 4 are known, 
and frequency response ctirves can be 
drawn by plotting log-amplitude and 
phase versus log-frequency. Asymptotic 
approximations to these curves are not 
sufficient because these closed-loop func- 
tions involve complex poles and because 
fairly accurate frequencies at which cer- 
tain amplitudes occur are wanted. How- 
ever, if templates or similar devices are 
used, it is reasonably easy to add the 
effects of the various poles and zeros 
graphically to obtain the final curves. 
The curves used in this paper were drawn 
with the aid of a set of normalized curves 
which were placed under the final 
curve sheet and added as they were 
traced. The curves of equations 3 and 4 
are shown in Figs. 5 and 6. Since only 
the amplitude of X is needed for deter- 
mining the value of the describing func- 
tion, the phase of X/R is not necessary 
and therefore has not been drawn. 

In drawing Fig. 6 a simplification was 


AMPLITUDE OF C/R IN DECIBELS 


Fig. 8. Replot of Fig. 5 with 
|R| =6 db curve drawn 
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used which might be worth mentioni 
From equation 4 it is seen that 1 


(a) aan) “(aio 
z-(5) ion) \R/\10N 4 
Therefore, for any given N and @ 
value |X/R| in Fig. 6 can be determi 
from the corresponding value of IC, 
Fig. 5 by a simple multiplication (by a: 
ing logarithms). So Fig. 5 was dra 
first using the normalized curves and t) 
Fig. 6 was obtained by adding 20 logy 
10N to the amplitude curves point’ 
point. This procedure is generally ea 
as the relation between X and Cis ano 
loop function and usually is much simp 
than the closed-loop functions. y 
To find the amplitude of R ie | 
with each point on these curves note 


identity 


| 
20 log |X/R| =20 log |X | —20 log [i I 


so that the input |R] for each ct 
Fig. 6 is given by 


20 log |R| =20 log |X|—20 log |X/R|_ 


Thus, in order to find the input for - 
point on the amplitude curves of Fig 
take the value of |X| in decibels ( 
corresponding to the N of the c 6 
question and subtract from it the Va 
|x /R| given by the curve itself at t 
point. ; 

To illustrate this consider point P im | 
6 for which w=5.5 rad/sec (radia 
second), |X/R|=2.7 db, and N=0 
The value of |X | corresponding to 
N is found to be X=8.0° db in Tabli 
therefore, from equation 7 the ampliti 
of the input for this point is a 


|R| =8.0°—2.7=5.35 db 


tude and phase curves of Fig. 5 haw 
the same N and w as point P must _ 
have the same input value and they F 
been so marked. i 

In the foregoing example: some ai 
trary point on the |X/R| curv 
picked; the values of w, NV, |x/RI, 
for this point were found; and 
values were used to determine IR| I 
point. Actually, since contours of « 
for constant R will eventually be want 
it would be nicer if the required value 
could be selected and then the poit 
the |X/R| curves which corresponded t 
could be identified. These points e¢ 
be transferred to the C/R curves as 
fore and then connected to give a com 
for the given input value of R. This 
be done. Since N is constant along 
one of the curves of Fig. 6, the valu 
|X| is constant along each curve ext 
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ale I. Root Locations for s%s+10)+ 


132N(s+1)=0 


@n; D4 
aN N ¢ sec”! P; db 
Meet) 2, 0c. UTS 108 2. <0 
See 0. 815, 024505907 eal. oi. 3,08 
eee. 0.67%, «05... 8.9....1.13... 5,0 
i. 0.57 -. 0,55... 8.05. 2.1.16... “6.68 
ts 0240). 0.6 0.6% o8 sed 198.. 5-808 
fee 0. 98.0..027°.... 6.2.,.21,20., 10,4 
Ber 0- 318). 0, 89s, 640.1 48y, 2 124 
0527. 0.96.5 4.65 00015638... 13,38 
meee O.24 .. 1.0-.).. 4:0. 2.2.00 .,...14, 35 
=1. Let us try to find all the points 


¢ which |R| has the value, say 6 db. 
yw on the V=0.57 curve, for example, 
» see from Table I that |X|=6.6.5 
ierefore, from Equation 6, R| will equal 
it the point on this curves for which 


'/R| =6.65— 6 =0.65 db 


at is, at points where the N=0.57 
tve in Fig. 6 crosses the 0.6°-db line. 
ere are two such points; see Fig. 6. 
milar calculations with other values of 
show where other |R|=6 db points 
cur; these have been identified in Fig. 


To prevent any confusion from Fig. 7, 
should be pointed out that, although 
é assumed restrictions on the type of 
nlinearity being studied force N(X) 
be a single-valued function of the 
iplitude of X, the converse is not 
nerally true. Thus, in the present case, 
=1 whenever |X|<1 and the linear 
=1 curve is valid whenever |X| <0 db. 
, from equation 6, [x hs R| is given by the 
=1 curve at all points for which |X/R| < 
[RI. This means that a single point 
the linear curves may be valid for more 
an one input amplitude. This should 
use no more difficulty than when the 
stem is entirely linear if the nature 
the nonlinearity is kept in mind 
roughout the analysis. 
The points on Fig. 7 can be transferred 
the curves of Fig. 5, as before, which 
s been done in Fig. 8, and have been 
anected to form the contours of con- 
mnt [RI =6db. With reference to these 
rves it can be seen that the input is 
w enough at low frequencies so that the 
tput is able to follow fairly well. The 
or, E, is so small that X does not satu- 
e. However, as the frequency gets 
ther with R constant, the system lags 
re and more increasing the error until 
finally becomes greater than 1, then 
urates and W decreases. In fact, as 
n in Fig. 8, N decreases rather rapidly 
h frequency in this range. This might 
‘qualitatively explained by the fact 
it as X starts to saturate the output has 
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Fig. 9. Closed-loop frequency 
response of system of Fig. 2 
for various values of input 


PHASE OF C/R IN DEGREES 
© 
(2) 


Rl=|l2db 


IRIS -3.5 db 


AMPLITUDE OF C/R IN DECIBELS 


even more trouble following the input than 
it would have if the system were linear 
and the amplitude and phase of the out- 
put cannot change much if Y is able to 
change only slightly. Therefore, the 
error increases very rapidly causing N to 
decrease rapidly over a short frequency 
range. (In fact, as will be seen later, N 
can change instantaneously in some 
instances. ) 

Eventually, the low-pass characteristic 
of G, takes over and X slowly starts to 
decrease again. In this region, therefore, 
Y is very nearly constant and the output 
is determined by G; (in this case, a straight 
line with slope of about —6 db per octave). 
Finally, G, makes X so small that it no 
longer saturates and operation is again 
linear. 

The curves for other values of input can 
be obtained in the same way. Fig. 9 
shows several such curves drawn for 
values of [R| chosen 2 db apart. This 
system has been simulated on an analog 
computer and the results are compared 
with Fig. 9 in Appendix I. 

The reader may be interested in the 
little curlicues that occur in Fig. 9 for 
high input values. The system was not 
particularly chosen to show the phenom- 
enon and actually the curve for |R|=12 
db is a little unusual in that it shows a 
closed figure, but this is the so-called 
jump resonance. If the input amplitude 
were held at this high value and the fre- 
quency increased slowly from a low 
value, the system would operate at first 
as previously explained. But as opera- 
tion continues along the curve, the system 
reaches a point where the frequency can- 
not keep increasing with operation stay- 
ing smoothly on the curve. The output 
must then jump to the next portion of the 
curve, with X increasing and N decreas- 
ing discontinuously, where things again 


-run smoothly. On the other hand, if 


the frequency were decreased from a 
high value, and the input amplitude were 
decreased from a high value and the in- 
put amplitude were kept constant at 12 
db, a jump would again occur, but at a 
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different, lower frequency. Thus, for 
some frequencies there are two possible 
output amplitudes. (Actually the curve 
shows three values at these frequencies, 
but as Levinson® points out, the third is 
unstable.) This phenomenon is discussed 
by Lozier,? Prince,® Levinson,® and others. 
Unfortunately, the approximation used 
by both Lozier and Prince leads to the 
conclusion that a system, such as the one 
discussed here, would always exhibit 
jump resonance for all input amplitudes 
which is not the case. 

Fig. 9 provides all the necessary in- 
formation for analyzing the sinusoidal 
behavior of the linearized system of Fig. 2. 
The thoroughness of the data is limited 
only by the amount of work the engineer 
is willing to do. It hardly seems neces- 
sary to draw curves closer than 2 db as 
the depicted curves give a good picture 
of how the system behaves. Further- 
more, in any practical system, it would 
probably be expected that the input would 
never exceed some given value, in which 
case it would be unnecessary to draw 
curves for higher input values. How- 
ever, curves can be obtained for as high 
an input amplitude as desired by draw- 
ing enough NV curves. 

Finally, in some applications it might 
be desirable to have normalized output 
Ic| plotted rather than the output-input 
ratio. This can be accomplished by 
simply adding the appropriate value of 
|R| to each of the curves of Fig. 9, which 
has been done in Fig. 10. If the phase 
position of the input is taken as zero, then 
the phase of the output is the same as that 
of C/Rshown in Fig. 9. Since the output 
of the saturation nonlinearity, y, ap- 
proaches a square wave of amplitude 1 as 
the input, x, gets large, the curves of Fig. 
10 approach a limit which has been in- 
cluded on the graph. 


Systems Containing More Than ~ 
One Nonlinear Element 


Although considerable work has been 
and is being done toward finding the 


271 


stability, transient response, sinusoidal 
response, and response to statistically 
described inputs of systems, which are 
adequately characterized as having only 
one significant nonlinear element, little 
has been attempted on systems in which 
more than one of the nonlinearities are 
important.’ However, such systems do 
occur, such as a servomechanism in which 
an amplifier, whose input is limited, drives 
a motor whose nonlinear characteristics 
cannot be neglected. This section de- 
scribes how the previously discussed 
method can be adapted for the sinusoidal 
analysis of systems of this sort. 

It is not hard to see why much study 
has not been done on systems containing 
several nonlinearities. In the first place, 
quite often all but one of the nonlinearities 
are negligible, even though this is not 
always the best design. But more im- 
portant, it is hard enough to work with 
only one nonlinear element and adding a 
second not only doubles the work but 
compounds the difficulties. 

This paper utilizes the describing func- 
tion to characterize the nonlinear ele- 
ments. The input to each nonlinearity is 
assumed to be a sinusoid when the system 
inputisasine wave. With the single non- 
linearity it is fairly common for the open- 
loop characteristic to be low-pass because 
of mechanical devices in the loop, slow 
amplifiers, etc., but this is not sufficient 
when there are several nonlinear elements, 
If describing functions are used, there 
must be a low-pass filter between every 
two nonlinearities so that the harmonics 
created by one are sufficiently filtered to 
make the input to the next essentially 
sinusoidal. Thus, a describing function 
method generally will be less valid in the 
multiple nonlinearity case and the ac- 
curacy may leave something to be de- 
sired. However, if there is at least one 
integration, (1/s), between the non- 
linearities, the method should provide at 
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least an indication of the sinusoidal re- 
sponse characteristics of thesystem. (Ac- 
tually, although the system given in the 
following example was picked completely 
at random, the results of an analog com- 
puter study are quite close to the ana- 
lytical calculation.) 


A simple system containing two non- . 


linear elements is shown in Fig. 11 where 
the linear elements are expressed in 
terms of their Laplace transfer functions, 
G1, G2, G3, and H, and the nonlinear ele- 


ments are given by their describing func- | 


tions M;, No. Assuming that the de- 
scribing functions are valid, it is seen that 


C__ GMG.NGs 
R 1+GINGiNiGee 


Xi Gi 
R 14+G,:NiG.N.G;H 


(8) 


(9) 


With only one nonlinearity the poles 
and zeros of the closed-loop functions were 
found as a function of the gain N and 
curves of C/R and X/R were plotted. 
Since N and X had a known functional 
relationship (the describing function), 
it was possible to find the value of R cor- 
responding to each point on the X /R 
curves. These points could then be 
identified on the C/R curves which pro- 
vide the final curves of C/R for con- 
stant R. In the present case, the poles 
and zeros may still be found as a func- 
tion of gain, but the gain is now the prod- 
uct of the two describing functions, 
N,Ns, and is not simply related to any 
of the signal amplitudes. 

Therefore, to find the input value for 
each point, it is necessary to know how 
N,N, is related to the amplitude of X. 
This may be donein two ways. The more 
obvious way is to choose several values of 
X, first. For any given amplitude of X,, 
the amplitudes of NM; and Y; are in- 
dependent of the frequency and are ob- 
tainable from the describing function MV; 
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Fig. 2 for various values of in- 
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Fig. 10. Output of system of 


(X). For any given frequency of ] 
the amplitude ratio, |X./Vil, is ina 
pendent of amplitude and is known fro 
the transfer function Gs. Thus, for a 
given amplitude and frequency of X vit 
possible to find the corresponding amp 
tude of Xz and therefore N2. For tt 
given X, the product, N,Noe, is the 
known. If this process is carried throu 
for a large number of values of Xi, cur 
could be drawn from which X; coul 
determined by any given N,N, anda. 
This relationship may also be obtaine 
by choosing X first. For any given X 
the value of N2 is independent of fri 
quency and can be determined fr 
the describing function No(Xe). ! 
for any given amplitude and frequency : 
Xo, it is possible to find the correspo 
amplitude of Yi, by using G2 inve 
Now, though it is not usually though 
in this way, the describing functi 
mathematically just as much a fune 
an element’s output as its input. Ce 
tainly, under the assumption ze: 
input is a sinusoid, if the fundamental 
the output is given, the value of the d 
scribing function can be found. 
fore, for the given amplitude and f 
quency of Xe, if Yi is known, then 4 
N, and X; can be determined and t' 
corresponding value of the product, Ny! 
can be calculated. Again, if this is dor 
for several values of X». and w, curv 
could be drawn relating X1, NiNo, aa 
w. This second approach is used he 
because it yields data in a form that ij 
little easier to handle; thus, more é 
curacy is possible with less effort. 
There appears to be no obvious reas; 
why X1/R curves had to be used to fil 
the necessary relations for the detd 
mination of the desired input-outpy 
curves. With a single nonlinear el 
it was very convenient to do so since? 
was constant along any one of tl 
However, in the present case this is 
true. From the previous discussion iti] 
fairly obvious that it would not be ad 
more difficult to relate NiNo, w, and \ 
then to relate Ni No, w, and X;. So, V2" 
curves could be used instead of the X41) 
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System containing two non 
elements 


Fig. 11. 
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Fig. 12. Specific example of system co 
ing two nonlinear elements 


4 


Fig. 13. X,/R curves for sys- 
tem of Fig. 12 


tves, and a little more effort would re- 
al the relation between N,N2, w, and 
itself, in which case the original C/R 
rves could be used without any re- 
urse to a second set such as those of 
uation 9. Actually the amount of 
rk needed in any of these cases is just 
out the same; the choice of method 
based on greater convenience and other 
ch considerations. In the following 
ample, X; is used rather than VY, or C 
‘it is somewhat easier and more ac- 
rate. 

To illustrate how the input-output 
tves are obtained, consider the system 
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shown in Fig. 12 where both N, and Nz 
are taken to be saturation as shown in Fig. 
2(B). The gain values have been so 
chosen that when operating in the linear 
region on Ni, (X,S1), the system is the 
same as that studied in the previous 
section. Therefore, the curves of Fig. 
5 are the C/R curves for this system if NV 
is replaced by NiN>. The curves of the 
amplitude of X,/R are shown in Fig. 13. 

Now, since X2 will be chosen and then 
Y, determined, a plot of 


v 
|Xe 


1 nt 
slcres amen) 
=F (jo+10) 
913.2 jo) 


(10) 


will be needed. Because NV, and N»2 are 
only amplitude sensitive, just the ampli- 
tude of G.~1 is required and this is drawn 
in Fig, 14. Further, a curve relating MN; 
to VY; is needed; this is just a redrawing 
of Fig. 3 using the fact that 


Y=M(X1)X1 (11) 


and is shown in Fig. 15. 

Now the values of |X| must be selected. 
The values of the product, N,Ne, that 
are wanted are the values of N given in 
Table I. Since Ni=1 for |Xi|<1, let 
values of |X| be chosen such that Ne 
takes on the values of N given in Table I. 
Then N,N. will have these values when 
N, is not saturating. Also, select a few 
more values between these just to increase 
the number of points on the curves. 
Table II provides the values of |X,| and 
N, that will be used in this discussion. 


Fig. 16. Amplitude of Y; for 
system of Fig. 12. Insert 
shows where the two nonlinear 4 

elements saturate 
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Fig. 14. Amplitude of G, + 


__ jo(iv +20) 
13.2(j0+1) 
2.0 
i?p) 
= 
o 
G 1.0 
(a) 
= 
es: 
| 8 6 4 2 0 
N 
Fig. 15. Inverse describing function for 


saturation 


To obtain curves of Y, as a function of 
frequency for the values of N2 given in 
Table II, the values of |X,| are added to 
the |G. curves of Fig. 14. The result- 
ing curves are shown in Fig. 16. 

Before proceeding, it will be instruc- 
tive to discuss Fig. 16 briefly. It is 
helpful to be aware of some of the 
limits of operation that exist. First, it 
is seen that N,=1 for all points below the 
|X.|=0 db curve and that Ne<1 at all 
points above. Thus, Nz is limiting only 
at those points above the |Xs/=0 db 
curves. Also, N,=1 for all points below 
the | Y| =O dbcurves; the first nonlinear- 
ity limits only above this line. Finally, 
no matter how large X; is, the largest VY; 
can be is the fundamental of a square 
wave of magnitude 1, therefore, the maxi- 
mum value of |Y;| is 2.10 db. Conse- 
quently, the portions of the curves above 
the |¥,|=2.10 db line are impossible. 
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Fig. 17. Amplitude of X; for system of Fig. 
12 and N,N.=0.49 
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12. Insert shows where the two nonlinear 
elements saturate 


Thus, the regions of Figure 16 in which 
each nonlinear element is saturating may 
be determined. 

Now the points in Fig. 16 where the 
product ViN2 has the values used in 
Figs. 5 and 13 may be found. In the 
region where only Ne. saturates, M,=1, 
N,No= Ne, and the desired N,N. curves 
are those already drawn in Fig. 16. In 
the region where only J; saturates, the 
product, ViN2, is entirely determined by 
N; which in turn is a function of | Vj]. 
In this region the constant N,N. curves 
are constant |Y| curves which are hori- 
zontal lines. : 

In the region where both nonlinearities 
saturate, some point-by-point calcula- 
tion will be needed to find the desired 
points. For instance, let us find the 
points where Ni N2=0.49 by using Table 
III. The first column gives the values of 
Nez on the various curves of Fig. 16 as 
given in Table II. The second column 
is merely N,N2.=0.49 divided by Nz. The 


third column is obtained from the in- 
verse describing function of Fig. 15 and 
gives the value that | Yi; must have to 
yield the N, given in the previous column. 
The first three columns contain all the 
necessary data to find the N,N.=0.49 
points on Fig. 16. N,N» must equal 0.49 
at each point where the Ne». curve in 
column 1 intercepts the value of lV, | 
given in column 3. These points have 
been identified in Fig. 16. 

Now the curves relating Xi, w, and 
N,N. are needed, so columns 4 and 5 
have been added to Table III. The fre- 
quencies in the fourth column are read 
directly from Fig. 16 and are the fre- 
quencies at which the various points 
oceur. The fifth column is obtained from 
the describing function of Fig. 3. Now 
the curve of [x4] versus w may be drawn 
for NiN2,=0.49 and is given in Fig. 17. 
For w<0.61 rad/sec this curve is identical 
with the N,=0.49 curve of Fig. 16 be- 
cause X;=V;. For 0.61 <w <13.1 rad/ 
sec the curve is plotted from columns 4 
and 5 of Table III, and for w=13.1 rad/sec 
N,=0.49 and |.X,|=8.0 db. 

This curve is repeated in Fig. 18 to- 
gether with similar curves obtained in the 
samme manner for the other values of Ni NV.. 
Fig. 18 is drawn to the same scale as the 
|x /R| curves of Fig. 13. It is important 
for subsequent development that these 
two curve sheets be drawn to the same 
scale. 

Now it is possible to find the value 
of the input R at any point on the 
curves of Fig. 13. These curves give 
X1/ R| versus w for a certain set of values 
of gain NiNs, while Fig. 18 gives curves of 
|x, versus w for the same values of NN». 
Therefore, from the identity 


20 log |R| =20 log 


X,|—20 log |X./R| 
(12) 


the value of the input, R| , for any given 
MN and w is the value of |X,| in db, 
given by Fig. 15, minus the value of Be 1/, R| 
in db, given by Fig. 18. There are several 
ways to perform this subtraction. It is 
certainly valid just to pick points at 
random and use equation 12 to find IR| 


Y 2 
iw 9 
aa) o 
iE ee 
a 3 Oo ~ 

~ aM” 
aw OL a 
a0 z 
xz -3 ney 

= a 
Tee -6 w S 
ae sn 

W 
Qa co) peri? 
= = 
EB -I5E 
ma 1 i a) 
2 0.57 4-180 
= 
rhe edt JE = Q . : 
= bp ttt a Fig. 19. Determination of 
w IN RAD /SEC |R| =6 db points 

274 


McAllister—Frequency Response of Nonlinear Closed-Loop Systems 


at these points, but as with a single non 
linearity, it is better and possible 1 
choose the value of input first and the 
find the appropriate points on the curvei 
The first thing that comes to mind is som 
sort of trial-and-error method where : 
few points are selected with an eye towar 
converging on the desired point by tlt 
application of equation 12, but a miox 
systematic method is available if tt 
curves of |Xi/R| and |X| are drawn c. 
tracing paper using the same scalj 
By use of equation 12, for example, the 
db points occur where the |X1/R| “ur 
and the |X,| curve for the same NiNga 
6 db apart, with the latter greater. § 
one set of curves is placed over the otht 
with the 0-db lines coincident and a 
of dividers is set at 6 db, these points ea 
be found with very little difficulty. 
Actually there is an even better way } 
doing this same thing. If the | Xa/. 
curves are placed over the |X| curves } 
that the 0-db line of the |%/R] curyy 


curves, then equation 12 is automaticah 
satisfied at intersections of similar WM.) 
curves for |R|=6 db. An attempt 
show this process is given in Fig. 19 whey 
the resulting 6-db points are showy 
These points may then be transferred | 
the C/C curves and connected to form t4 
|R| =6-db contour, which has been dog 
in Fig. 20. 7) 

Similar statements may be made abo¢ 
the R=6-db curves of Fig. 20 as we 
made about Fig. 8. If the amplitude 
the input is kept constant at R=6 db am 
the frequency is slowly increased from 
low value, then at the low frequencies, t! 
error is small and the system operat 
linearly along the ViN2=1 curve. 7 
tually, the error increases so that one: 
the nonlinearities begins to saturate. 
this particular instance, the second mc) 
linearity, Ne, saturates first. Now, wi 
only N. saturating, this system is the san 
as that with only one nonlinearity, and! 
this portion of the curve is identical wi 
that of Fig. 8. As before, the error i 
creases and the gain decreases rapid 
because Y, cannot increase rapidi 
Now, the first nonlinear element, My, t 
gins to saturate, but it does so in suck 
way that the system becomes unstable t! 
mediately. The error must increas ei 
stantaneously and the gain decrease 1 
stantaneously with a slight increase off 
quency so that the output jumps 
the upper section of the curve. This 
the same sort of effect as the jump rest 
ance mentioned previously but the effeet 
caused here by the presence of two sattt 
tions. 


With further increase of frequency, t 
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N-pass characteristics of both the G.= 
2 (s+1)/s(s+10) and G;=10/s begin 
take effect and both X, and C decrease 
yardless of the fact that the error, X, 
mains large. Eventually, X, becomes 
small that it no longer saturates and 
ly X; remains saturated. The point at 
lich this occurs lies on the curve sep- 
ating the regions where both NV; and N» 
turate and only JN, saturates. This 
tve was taken directly from Fig. 18 
d is shown in Fig. 20. At higher fre- 
lencies, the output C continues to de- 
ease and X, approaches the input R. 
ius, the first nonlinearity, Nj, remains 
turated at all high frequencies for |R| = 
db. 
In a similar manner, curves like those of 
g. 20 can be obtained for other input 
lues. Fig. 21 shows several of these 
rves. This system has been simulated 
| an analog computer and the results 
e compared in Fig. 21 in the Appendix. 
Since this section has dealt with graph- 
al solution it is well to discuss briefly the 
curacy of the results. At several points 
the work, pairs of curves have been 
aphically added to obtain new curves. 
ius, the accuracy obtained by such 
chniques is questionable and scepticism 
not without ground; however, the real 
lestion is how much accuracy is war- 
nted. The method is based upon the 
sumption that the inputs to the various 
linear elements are all sinusoidal when 
e input is sinusoidal. This is only 
proximately true even in the case of a 
igle nonlinearity and when there are 
veral nonlinear elements, the approxi- 
ation is much worse. In most instances, 
e method will, at best, probably give 
ily an indication of how the output 
ies with the amplitude and frequency 
the input. The curves should be 
awn as accurately as possible under the 
sumptions, but it hardly seems neces- 
ry to require more accuracy than can 
obtained from graphical techniques. 


onclusions 


A method has been developed for find- 
g the response of certain types of non- 
lear feedback control systems to steady- 
ate sinusoidal input signals. The 
ethod makes use of the describing func- 
yn to represent the nonlinear elements. 
umiliar linear frequency response tech- 
ques are used to draw families of curves 
m which the input-output data of 
e nonlinear system are deduced. For 
y given system the method is no more 
ficult than the plotting of the frequency 
sponse curves of the same system with 
e nonlinearities replaced by linear gain 
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elements for several values of gain. The 
nonlinear response data are obtained in 
the form of contours of fundamental (and 
any desired harmonics; see Appendix IT) 
of the output signal as a function of fre- 
quency and the amplitude of the system 
input signal. Complete response data 
are available for any desired frequency 
or input amplitude from a single set of 
curve sheets. A new set of curves is not 
needed for every different input ampli- 
tude. 


The method is illustrated by means of 
two examples which are worked out in full. 
As a check on the accuracy of the results 
the two systems have been simulated on 
an analog computer. The data from the 
computer roughly show the method to be 
as accurate as the computer itself. The 
second example involved a system con- 
taining two nonlinear elements and, al- 
though the method would not be expected 
to give as accurate results for this case as 
for the single nonlinearity case, the ana- 
log results agree very closely with the 
curves obtained analytically. 


Appendix |. Analog Computer 
Simulation 


The systems used as examples have been 
simulated on an analog computer. The re- 
sults of the simulation are shown in Figs. 22 
and 28. 


Appendix Il. Harmonics in the 
Output 


As was stated previously, although the 
input to the nonlinear element may be so 
nearly sinusoidal that the describing func- 
tion may be used, the system output may 
contain significant harmonics and it may be 
desirable to calculate their values. This is 
not at all difficult to do when the describing 
function is indeed applicable. Truxall! has 
shown that for idealized saturation if the 
input is a sinusoid of amplitude |X| the mth 
harmonic of the output is 


2|x| {ss (n=1)ts 
7TH 


eile te 


(i 
sin (” 1)tel (13) 
tt 

for |X|>1 and n=1,3,5..., where f:=are sin 
|1/X| and the notation Y™ is taken to 
mean the nth harmonic of the output y. 
Thus the harmonics of y are known and 
since the transfer function G2 from y to the 
system output c is linear the harmonics in 
the output can easily be calculated. 

To illustrate how this is done let us con- 
sider the third harmonic output of the sys- 
tem considered in the preceding section. 


VE 


x 


1 1 
=+(sin 2t2+— sin 4h (14) 
30 2) 


Now Table IV can be filled in. Col- 
umn 1 contains the values of N used 
throughout this analysis; column 2 gives 
the corresponding values of |X| from Table I; 
column 3 provides the corresponding values 
of |Y’’’/X| from equation 13; and column 4 
contains the sum of columns 2 and 3. For 
any given input frequency, w, therefore, the 


Fig. 20. Fig. 5 replotted with 

|R| =6 db curve drawn. Curves 

A and B show where Ne just 
begins to saturate 


PHASE OF C/R IN DEGREES 


AMPLITUDE OF C/R IN DECIBELS 


Fig. 21. Closed-loop fre- 
quency response of system of 


PHASE OF C/R IN DEGREES 


F C/R IN DECIBELS 


Fig. 12 for various values of 
input 
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Fig. 24. Third harmonic out- 
put of system of Fig. 2 for 
various values of gain N 
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AMPLITUDE OF C™IN DECIBELS 


Fig. 25. Third harmonic out- 


| ee eT ie ae put for various values of system 
“W, FREQUENCY OF THE FUNDAMENTAL. IN RAD/SEC input 


third harmonic component of system output straight line of slope minus 20 db, per dec- 


(see Fig. 2) is ade. Therefore, for constant values of 
‘e Neg ea corresponding to constant values of N, 

C!"" = Ge jB@) Y= 15 equation 15 is a series of straight lines as 
o( J8e) 4Bco (15) shown in Fig. 24 where the abscissa is the 


é frequency of the system input, that is, the 
The curve of |G(j3w)|=|10/j3| is a frequency of the fundamental of the output. 
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Table IV. Third Harmonic in Stull 
pete! $$ 
/ 


N 


cooocsooodr 
bh 
© 


i 

Now, from the work in the paper, the valu 
of N and w, corresponding to given values} 
input R, are known and can be identi 
Fig. 24. This has been done on Fig. 2. 
the points have been connected to 
contours of constant input. 

The relative phase of third harmo 
requires discussion, From equation 15 iti 
seen that C’”’ lags Y’’’ by 2/2 radia 
This means that when the third harmonic) 
y is going through zero with positive slc 


negative maximum, To see how this : 
lates to the phase of the fundamental 2 
that the output waveshape of the nonling 
element has sine symmetry (is an odd fur 
tion) about the point where it p 
through zero. Therefore, when the 
mental of y is going through zero with po 
tive slope, all the harmonics also pa 
through zero and with positive sl 
Furthermore, at this same instant 
fundamental of the output, ¢, is go 
through its negative maximum as are all t| 
harmonics in the output. Thus, the out 

waveshape has cosine symmetry (is an € 
function) about this point and the ou 


mum. This means that the output way 
shape will always be peaked, that is, 
pointed than a sine wave. Z| 

Comparing Fig. 25 with Fig. 10 it is ses 
that the amplitude of the third harmonic« 
the output is more than 19 db lower th! 
that of the fundamental. That is, thet 
harmonic output has about 1/10 1| 
amplitude of the fundamental or smal 
Furthermore, the higher harmonics w 
be even less significant. The output wi 
form is itself not very different from beit 
sinusoid, which was assumed. 

In addition, the factor 1/s in G; wou) 
decrease the harmonics still further so t 
the input to the nonlinearity is indeed ve 
nearly sinusoidal. This harmonic analyg 
as the analog study of Appendix I confi 
shows that neglecting harmonics is pf 
missible and the method presented sh 
give highly accurate results. 
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Discussion 


, Sridhar (Purdue University, Lafayette, 
id.): It seems quite obvious that most 
ithors who use the describing function of a 
mlinearity to obtain the closed loop fre- 
1ency response of a nonlinear system do 
yt seem to appreciate the full limitations of 
e describing function. A sufficient condi- 
91 for the describing function method of 
ytaining the closed loop frequency response 
a nonlinear system to be valid is that the 
‘stem be totally stable. Otherwise, it is 
yssible to obtain quite erroneous results 
ing this method. It is possible for a sys- 
m which is perfectly stable for no inputs, 
| indicated by the describing function 
ethod, to break into auto-oscillations 
hen subjected to sinusoidal inputs, the 
equency of the auto-oscillations being in- 
pendent of the forcing frequency. Again, 
is possible to quench the auto-oscillations 
certain autonomous nonlinear systems by 
ibjecting them to sinusoidal inputs so that 
ie system will respond to the forcing fre- 
tency, This latter is, of course, the well- 
10wn phenomenon of signal stabilization. 
It is high time that authors stopped pro- 
Ising new methods of obtaining the fre- 


. at 


quency response of nonlinear systems using 
the describing function method. It will 
possibly be worth while to establish criterion 
which will tell when the describing func- 
tion method is valid anid when it is not. 

The author appears to have naively used 
the describing function to obtain the fre- 
quency response of a nonlinear system with 
two nonlinearities. Actually, the validity of 
the describing function method to investigate 
the stability of such systems, even when 
autonomous, has not been established for a 
general case. I shall appreciate any com- 
ments the author has regarding the assump- 
tions on the linear elements when he ana- 
lyzed the system. 


A.S. McAllister: I want to thank Mr. Srid- 
har for his thoughtful discussion. The points 
made by him are in most cases well taken. 
The blind use of linearization techniques 
can indeed lead to erroneous results. But 
this has long been the case whether using 
Hooke’s law, studying Class A amplifiers 
or analyzing feedback control systems. The 
engineer should always keep in mind that 
he is making an approximation and should 
check his results and assumptions frequently 
and as carefully as possible. If a rigorous 


On Stabilization of Feedback Systems 
Affected by Hysteresis Nonlinearities 


A. K. MAHALANABIS 
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BRESENCE OF HYSTERESIS or 
hereditary types of nonlinearities 
ads to small-signal destabilization in 
rvomechanisms and other feedback con- 
ol systems and produces small-ampli- 
de sustained oscillations or chattering, 
rticularly when precision requirements 
ike necessary the use of a high loop 
1. Some safeguards against this un- 
jrable characteristic are therefore pre- 
nted here. 
Several methods of providing proper 
pensation for hysteresis effects have 
suggested.1—> The use of coulomb 
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friction for this purpose has been in- 
vestigated by this author,®”’ and the 
present paper embodies results of further 
studies in this direction. Some nonlinear 
compensation schemes for improving the 
small-signal stability of feedback control 
systems are dealt with. They not only 
permit compensation for the action of 
hysteresis effects on stability but also 
result in improved response character- 
istics. 

The general desirability of such non- 
linear compensation methods in inherently 
nonlinear systems has been stressed, for 
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validity criterion that can be applied easily 
is available it would be well to use it. 

All this certainly limits the general ap- 
plicability of such techniques. However, it 
does not invalidate the usefulness of linear- 
ization. Indeed, linearization is usually 
easier and faster to use than the more 
elaborate and rigorous methods. There 
are times when the linearizing method will 
give an approximate answer where the exact 
method becomes so involved as to be utterly 
useless. The more rigorous methods simply 
have not yet been developed to the point 
where they can be used in the more com- 
plicated problems. 


As for the assumptions made in analyzing 
a two-nonlinearity system, they are given 
in the third paragraph of the appropriate 
section of the paper and need not be repeated 
here. In this connection, it might be noted 
that Mikhail and Fett! also analyzed a two- 
nonlinearity system using the two describ- 
ing functions, They obtained rather good 
results even though the system they studied 
had no linear elements, low-pass or other- 
wise, between the nonlinear elements. 


REFERENCE 


1. See reference 13 of the paper. 


example, by Truxal, who considered an 
interesting case of nonlinear compensa- 
tion, around a feedback loop, for backlash 
effects.® 


Hysteresis Effects in Simple 
Servo Systems 


Simple electromechanical systems are 
considered here. Basic components of 
an electromechanical servomechanism, 
shown in Fig. 1, are: (1) the error-sensing 
unit, (2) the controller-amplifier unit, (3) 
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the motor, (4) the output coupling unit. 

One or more of these units generally 
have a hysteresis-type nonlinearity, whose 
source could be: (1) backlash in the output 
coupling unit, (2) the controller in a 
contactor system which incorporates a 
contactor, e.g., a biopolarized (electro- 
magnetic) relay, possessing hysteresis, 
and (3) field-controlled electromagnetic 
devices, e.g., amplidyne generators in 
the controller unit or a field-controlled 
motor. That hysteresis may arise from 
sources 2 or 3 is evident. Backlash in 
the output coupling produces a hereditary 
effect when the load has negligible inertia 
and damping, equal to or greater than 
critical. 

The functional characteristics arising 
from nonlinearity in different cases are 
illustrated in Figs. 2(A) through 2(D). 
Fig. 2(E) is an approximation of the 
magnetic hysteresis curves, which simpli- 
fies analysis by describing function tech- 
niques. Performance of the system shown 
in Fig. 1 is difficult to analyze when more 
than one form of hysteresis occurs simul- 
taneously. Analyses of individual effects 
of these nonlinearities have, however, 
been made. The frequency-response ap- 
proach, in which the nonlinearity is re- 
placed by its describing function, has been 
found most convenient for stability anal- 
ysis of nonlinear systems. The de- 
scribing functions, Figs. 2(A), (B), and 
(E), have been discussed in published 
literature.'”® Although these functions 
differ in detailed properties, a common 
feature is the predominance of nonlinear 
effects at comparatively small-signal am- 
plitudes, where a reduction in the mag- 
nitude of transfer gain is produced, to- 
gether with a lagging phase shift. Both 
effects increase as the signal amplitude 
approaches the hysteresis width. 

The phase lags cause the system’s 
stability to be impaired at small-signal 
levels, producing sustained oscillations of 
essentially small amplitude in an other- 
wise stable system. 


Stabilization of Oscillations Arising 
from Hysteresis Effects 


Sustained oscillations outlined in the 
previous section can be prevented. This 
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Fig. 1. Basic com- 
ponents of a servo- 
mechanism 


calls for reducing the loop-gain sufficiently 
to avoid an intersection in the gain-phase 
shift plane of the linear-frequency locus 
and the amplitude locus of the negative 
reciprocal of the relevant describing func- 
tion. Sluggish response characteristics 
result from this procedure, however. 
The nonlinear-gain element suggested 
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by Johnson? seeks to remedy this delet 
see Fig. 3(A). But an extreme use of thd 
plan, as exemplified by the dead-zone ele 
ment shown in Fig. 3(B), may impair tH 
static accuracy of the resulting syste 
Use of conventional phase-lead networi et 
may also be somewhat unsatisfactoi 
will be discussed subsequently. 
Stabilization of oscillations in systeny 
having hysteresis may be accomplishe) 
through improving system stability 
small-signal levels without affecting thes 
response characteristics at large-signe 
amplitudes. This is because hysteres 
introduces a sort of variable dampin 
with effective damping becoming small 
as the signal amplitude diminishes. _ 
logical procedure for compensating coal 
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Fig. 2. Type of hysteresis A- 
Caused by backlash. B—Cause 
by contactor. C and D—Caus: 
by electromagnetic devices. E 
Approximation of magnetic hy 

teresis 
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Fig. 4. Schematic 
of system affected 
by coulomb friction 


IN 


“A 


(B) 


g. 3. A—Nonlinear-gain characteristics. 
B—Dead-zone characteristics 


ysteresis effects is, therefore, to insert a 
mponent in the forward or feedback 
th that, in absence of hysteresis, also 
oduces a variable damping, but with 
ie damping becoming larger as the signal 
nplitude falls. 
The nonlinear-gain element, Fig. 3(A), 
certainly one possibility; others are 
scussed in subsequent sections. These 


tter fall into two groups: nonlinear rate _ 


edback and nonlinear phase-lead com- 
sation. Feeding back a signal pro- 
yrtional to some function of the system 
eed and introducing a cascade phase- 
ad network are widely practiced for im- 
‘oving a system’s stability of response. 
ogically then, one or both of these tech- 


niques may be modified to suit the prob- 
lem under consideration. 


Nonlinear Rate Feedback 


GENERAL Facts 


Some recent investigations on the effects 
of coulomb friction in feedback systems 
having hysteresis nonlinearities reveal 
that this friction has beneficial effects on 
stability.6” This is because it produces, 
in effect, a nonlinear feedback of the 
rate signal. See Fig. 4. However, pres- 
ence of coulomb friction has a generally 
bad effect on static accuracy and causes 
a zone of steady-state errors. Stabiliza- 
tion of feedback systems containing 
hysteresis by intentional introduction of 
coulomb friction may thus be undesirable, 
particularly in high-precision systems. 

The good effects of coulomb friction 
on small-signal stability of a system can, 
however, be realized in practice if the 
secondary feedback loop seen in Fig. 4 is 
not caused by the friction but represents 
a suitable external feedback of the rate 
signal. This is explained in discussing 
the case of a simple second-order servo 
having backlash hysteresis. 


A NONLINEAR RATE FEEDBACK SYSTEM 


Arrangements of the proposed nonlinear 
rate feedback system is shown in Fig. 5(A). 


weiens 
5(ST+1) 


(A) 


Fig. 5. A—Schematic of a nonlinear rate-feedback system. B—Characteristics of block N 
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The secondary feedback loop, around the 
block representing the motor, results in 
the feedback of a nonlinear rate signal 
H, the form of which depends on 
the characteristics of the nonlinear 
block V. For the purpose of the present 
discussions, block N is supposed to have 
the characteristics shown in Fig. 5(B). 
This is realized in practice by placing a 
limiter ahead of a tachometer generator. 


ANALYSIS OF NONLINEAR RATE FEED- 
BACK SYSTEM 


A frequency-response analysis of the 
system in Fig. 5(A) is possible by re- 
placing nonlinearities with corresponding 
quasilinear describing functions. The 
equivalent system is shown in Fig. 6. 
The portion of Fig. 6 shown within the 
broken lines, representing the motor 
with the nonlinear rate feedback, can be 
replaced by a describing function G(jw, 
6m) given by 


. ian K : 
G(jw,m) S jaca RK N(bm) 
ee 
s K 
© jaljoT +14+KRN(G6m)] ia 


where K is the loop-gain, k is the feed- 
back loop-gain, J is the motor time con- 
stant, and N(6,) is the describing func- 
tion of the block N and is given by 
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Fig. 6. Block diagram of system in Fig. 5(A), using frequency-response functions 


are 
Ni “1—+- —z— 
N(6m) = *| sina 2 5 a y! | (2) 


The simplified equivalent system can 
then be represented as in Fig. 7, and the 
condition for sustained oscillations is 


G(jo,4m) ane: [Gs(6m)] a (3) 


Gz(6m) being the describing function of 
the backlash characteristics. 

Validity of this condition in any system 
is tested most conveniently in a graphical 
manner, which also indicates suitable 
means for avoiding oscillations. The two 
functions in equation 3 are superposed, 
either in the complex (Nyquist or inverse 
Nyquist) plane or in the gain-phase shift 
plane. In Fig. 8, for example, are plots of 
these functions for assumed values of K = 
10, k=0.1, and T=1; m and m are nor- 
malized amplitude parameters, being 
respectively equal to 5/6, and S/6m. 

While the plot of —G,(6,)—! is an 
amplitude-dependent locus, those of G(jw, 
6m) are a family of frequency-dependent 
loci, each locus being drawn for a specific 
signal amplitude. Thus, validity of rela- 
tion 3 requires that there be an interesec- 
tion between the —G,(6,,)~! locus and 
the particular G(jw, 6m) locus, which bears 
the same amplitude mark as the —G,;- 
(6m) 1 locus at the intersection point. 


Fig. 7 (below). Equivalent representation of system in Fig. 6 for sta- 


bility analysis 


Fig. 8 (right). Nichols plots for system in Fig. 7 for K=10 and T=1 
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The forms of the G(jw, 4m) loci in Fig. 
8 reveal that, as a result of nonlinear rate 
feedback, the frequency-response transfer 
function of the motor unit has com- 
paratively less gain and less lagging 
phase shifts at small-signal levels. This 
indicates a small-signal stabilizing effect 
of the nonlinear-rate feedback scheme of 
Fig. 5(A), and points out the possibility 
of avoiding sustained oscillations in the 
system by proper choice of the param- 
eters of block J. 


COMPENSATION FOR HYSTERESIS EFFECTS 


Since the describing functions G(jw, 
6m) and Gz,(8m) have been derived for 
6m(t), which are assumed sinusoidal, the 
input signal 6,(t) is assumed to be a 
periodic function, making 6,,(f) vary si- 
nusoidally. The relations then are as 
follows: 


30 
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PHASE SHIFT (degrees) ——»— 


Am/8¢=G( 7.0m Joo t 


9c/%m =Ga(Om) (s 
The total forward-loop transference i 
now ¢ 
¢/B<=G(je0,m).Ga(Om) (6 


and the closed-loop transference is : | 
J 
6./01=G(4m)/{G(jo,m)-!+Ga(Om)| 


the signal amplitude as a parameter b 
following a graphical procedure.” 

Proper compensation for hysteresi 
effects requires that N(@m) be chosen i 
such manner that the amplitude de 
pendence of these curves will be reduces 
toaminimum. This can be done by trial 
and error. But to design a compensate 
system by this procedure proves ee 
and impractical. é 
made on the basis of computer runs ant 
tests of a bread-boarded system. 


Nonlinear Phase-Lead 
Compensation 


GENERAL FActTs 


The linear phase-lead network shi ’ 
in Fig. 9(A) has the gain and phase fut 
tions shown in Fig. 9(B). Paramete 
the network generally are so adjudea Bi 
the maximum: phase lead occurs near tH 
crossover frequency, resulting in improve 
phase margin with a consequent increas 
of relative stability. If such a neta 4 
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(A) 


g- 9. A—RC phase-lead network. B— 
ots of transfer gain and phase of the network 


used to compensate for the phase-lag 
fects of hysteresis, the resultant system 
ith greater phase margins at compara- 
vely large signals implies that the system 
sponse should be somewhat sluggish for 
rge-signal amplitudes. This apparent 
sadvantage is easily remedied by non- 
learizing the network depicted in Fig. 
A). 


NONLINEAR PHASE-LEAD NETWORK 


The network shown in Fig. 10(A) 
ffers from the one in Fig. 9(A) in that 
vo biased diodes have been added. The 
orking of this circuit can be explained 
ith the help of the equivalent circuit 
own in Fig. 10(B) where R’ is a nonlinear 
sistor, equivalent to the parallel com- 
nation of R, and the diode conduction 
sistance. At small-signal levels, where 
E.<E,—E2<E,, both the diodes will be 
mconducting and R’=R,. Thenetwork 
en behaves in the usual manner. If, 
ywever, the signal amplitude is large 
lough to reverse the inequality, one 


(B) ° 
A—Proposed nonlinear-lead net- 
work. B—Equivalent of the network 
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dr 


20 40° 
0 = 0° 
c 
- 20 -40. 
. ; a ; ’ 
— 40 ~ 80° 
Os 10 50 10-0 20:0 50-0 


diode conducts, depending on signal po- 
larity. Since diode conduction resistance 
is extremely small compared with R:, R’ 
is also quite small and the circuit effec- 
tively behaves as a. unity-transference 
network. The simple network of Fig. 
10(A) thus is seen to introduce ampli- 
tude-dependent phase leads, which pre- 
dominate at small-signal amplitudes only. 


EFFECTS OF NONLINEAR LEAD NETWORK 


The effects of incorporating the net- 
work of Fig. 10(A) in a nonlinear feedback 
system with hysteresis can be discussed 
onthe basis of network frequency response. 
In Fig. 11, the hysteresis derives from 
backlash effects. The lead network is 
placed in tandem in the forward-loop 
after the error-sensing unit, This unit 
has a quasilinear frequency-response func- 
tion Go( jw, 6), as indicated, which is a 
function of both frequency w and signal 
amplitude 6.. 

A derivation of this transfer function is 
difficult because conduction of the diodes 
depends on the signal difference Ei— FE 
(6:—) rather than on Fy (6.) alone. (An 
easily workable, though approximate, 
describing function for the network is 
derived in the Appendix. 


Fig. 11. Block dia- 

gram of the nonlinear 

lead-network com- 
pensated system 
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Gel job.) =[412+B2]'/* /tan~1 (B:/A1) (8) 


7 E 
Ai= | a/0+23-a/0) cos“! = — 
ate fy 


{2 


2H, E 
7 hi +92) 1-3 (9) 


i re 
B=| 2( 2-2 COR 5,2 =x 


I 1 


Es*\ 4q Es? 
Vis)-sis] 

The best procedure under the circum- 
stances is an experimental determination 
of transfer gain and phase as a function of 
signal frequency and amplitude. 

Table I gives values of the instant net- 
work’s transfer gain and phase for three 
different values of signal ratio E,/B,, ob- 
tained on the basis of equation 8 and by 
direct measurement, the latter being 
within about 2% of absolute accuracy. 
The order of apprcximation involved in 
equation 8 can now be estimated. 

Function Go(i#, 6.) cannot be used as 
was G(jw, 6m) for determining the limit 
cycle parameters, since the former is a 
function of 6. while Gz(6m) is a function of 
6m. A trial-and-error procedure is per- 
missible; for, under conditions of sus- 
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Table |. Transfer Gain and Angle of Nonlinear Lead Network 


Gain Angle, Degrees 
Three Regions Frequency, ee 
InN Stes Radians Per Second Calculated Measured Calculated Measured 
1.86 0.114 0.115 38.5 38.5 
2.06 0.120 0,119 40.9 40.95 
2.62 0.136 0.139 46.3 ae 
a 3.02 @), 150 (tees | Ore Wile eee 49 ;2)\soane 
Meecha le Os .ysvarsiotateha ele.cie ona) Gees 0.169" 0.173 52.4 52.4 
4.40 0.198 0.203 55.2 54.3 
5.70 0.245 0.250 57.4 56.4 
7.85 0.321 0.329 57.6 56.7 
2.06 0.128 0.094 5.4 18.2 
2.62 0.131 0.096 13.9 22.3 
ie 3.02 0.137 0.100 2h 25.4 
De He MET = OE8 x otencta ike arene S50 P aheciirerens wees OTA erie QE ee re reese DASE ects 28.8 
4.40 0.162 0.112 37.7 33.4 
5.70 0.194 0.125 49.1 39.4 
7.85 0,264 0.149 61.0 48.0 
2.06 0.508 0.3856 3.0 3.05 
2.62 0.509 0.3870 4,2 yi 
: B AO) Aaa 108 | eee oer 9.510) an 0.3872) B Dit ey. 
See 3.60 0.511 0.3875 6.5 5.3 
4.4 0.513 0.388 8.4 6.3 
5.7 0.518 0.390 11.3 8.4 


Table Il. Amplitude and Frequency of Oscillation in Nonlinear Rate Feedback System 


— 


Values of Frequency, 


Values of n=5/6m Radians Per Second 
Limiting Amplitude 
Compared with Describing Describing 
K Backlash (s/5) Simulator Function Simulator Function 

0.0 0.316 0,315 2.73 2.80 

Oey nN IC Oe here awe 0.423 7---< 0.440 afer SOO Peres enes 2.30 
1.0 0.638 No oscillations | 1.96 No oscillations 

Br ajot es vacevaerste tat UCU a ee eran 0.601) |_| {0.495 rca at os os 1.20 
{ 0. 5} { 0.732 } { No Bee tchaw { 1.02 } { No oscillations 


Fig. 12. Typical 
error and response 
functions of system 
in Fig. 11, follow- 
ing step input dis- 
turbance 


(A) 
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tained oscillations, the assumption is 
(é)=0. Then 6(é)=—6,(t)= —G;( 
6m(#), and the condition of amplitude 
ance can be ascertained. However, 
tedium is not necessary to gain ur 
standing of the nonlinear network’s eff 

Fig. 12 shows the form of typi 
error and response functions of the sys 
in Fig. 11 when 6,(#) is a step disp 
ment. The broken lines show the] 
of diode conduction. Network ope 
tion can then be explained for three d 
ent regions. Within the broken Ty 
the network behaves as if diodes w 


III. For slightly larger signals, ne 
in Fig. 12, the network introduces ph 


III, but its transfer gain is appr i 
reduced (see data for E,/E,=085 
Table I). This implies that the sta) 
ing action will here be greater for ~ 
network than for the conventional Titi 
network. For even larger signals, z: 
I in Fig. 12, the network behaves alm 
as a unity-transference device and ¢ 
not affect system operation. ] 

Conclusions to be drawn from the f 
going observations are that, during; 
initial stages of the system step respor 
little difference exists in the two - 
works when high-frequency transfere 
of unity is considered. The nonlin 
networkshould give better responseduz 
later stages and should produce a 
stabilizing action. These conclusions 
checked in the next section against | 
results of analog computer studies. 


pis — ~~ 


Results of Simulator Studies 


Experiments made with the nd 
analog simulators (real time) verified 
preceding results, as described herewiti 


NONLINEAR RATE FEEDBACK SYSTEI J 


Fig. 12(A). The differentiator unit 
in Fig. 13(B) serves reasonably wel} 
the frequency range of interest. Vaz 
of RC (resistance capacitance) elemea 


Fig. 13. A—Simulator arrangement for | 
linear rate feedback system. (B)—Thez 
rivative unit 


IN 


~ 10j0/(jo+- 100) —0.1jw for jo<<100. 
First, the loop-gain is set high enough 
) yield sustained oscillations, the rate 
gnal being set at zero. By fixing the 
ituration levels at different values, 
veral simulated rate-feedback systems 
ere made available for study. Table IT 
mitains amplitudes and frequencies of 
scillations under different conditions, 
alues of these parameters, determined 
y using the describing functions, are also 
corded, and they indicated the approx- 
nate accuracy to be expected of the 
sscribing functions. 
The oscillograms in Fig. 14 display step 
sponse of the system for different set- 
ngs of the limiter. The amplitude of 
le input step was set at 6,/s=10. The 
miter greatly increases the speed of 
sponse, while only slightly increasing 
overshoot. The initial delay in traces 
Figs. 14(B) and 14(C) is expected, 
ice full-rate signal is fed back during 
€ initial part of the transient. 


ONLINEAR PHASE-LEAD Systems 


The simulator setup is illustrated in 
g. 15, the compensating network being 
e one shown in Fig. 10(A). The trans- 
- function of the corresponding linear 
twork—.e., Fig. 10(A) with the diodes 
litted—is (jw+2)/(jw+24); thus, the 
xximum phase shift occurs at about 
) rad (radians). Step responses of the 
stem have been recorded, using two 
ferent values of the loop-gain: K=40 
d K=16. They give crossover fre- 
encies of about 6.3 rad and 4.0 rad, 
pectively. Figs. 16(A) and (D) show 
> traces resulting from linear compensa- 
n in the two cases. Traces 16(B) and 
) result from nonlinearization of the 
mpensation network (with the trace 
A) superimposed by way of compari- 
) for E,/0; equal to 0.25 and 0.5, respec- 
ely, loop-gain being 40. When the 
ue of the gain is 16, the traces are as 
wn in 16(E) and (F). 


nclusions 


fo compensate for their undesirable 
cts on system stability, the hystere- 
nonlinearities require nonlinear tech- 
ues. Usual rate-feedback and passive- 
1 networks can be modified easily to 
p solve hysteresis problems. If a sys- 
l incorporates a tachometer-feedback 
angement to achieve sufficient stability 
he presumably linear system, then a 
linear-gain element (with larger gain 
maller signals) may be used in the feed- 
k loop to guard against hysteresis 
ets. Also nonlinearization of the con- 
tional RC phase-lead network, by the 
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Fig. 14. Traces of 
step response ob- 
tained with setup of 
Fig. 13(A) where 
6:/5 = 10, K = 10. 
A—S/s = 0. B— 


addition of biased diodes or otherwise, re- 
sults in better response from the com- 
pensated system. 


Appendix 


Generalized Frequency- 
Response Function 


When diodes are dismounted from the 
network seen in Fig. 10(A), the transfer 
function is 


Ee, fog ego 42 
(jo) =~ => 

Fy jotp jw+24 
If the diodes are replaced, one of them 

will conduct for /Ei—E,/ E;. If starting 

with £,=£, cos wt so that at t=0, the lower 


diode with +#,; on the cathode will be 
conducting, and 


E(t) =F;(t) rea Ee 


(11) 


(12) 


the capacitor C; being charged to +&,. 
This continues until £.(t)=Oatt=. After 
this instant, the effective circuit is the one 
shown in Fig, 17(A) which differs from the 
conventional linear-lead network by having 
the condenser charged to +#;. The output 
voltage, after t= is given by 


st) = (0E(0)—Bal( 242) [s== (13) 


This will continue until a time ¢=f2, per- 
haps, when £,(t)—£.(t) become equal to 
—F;, and the upper diode starts conduc- 
tion. At t= 


Ex(t)=E\(t)+Es 


(14) 


The switching instants # and f are illus- 
trated in Fig. 17(B). The first instant is 
given by 


E 
wt, =cos—! (2) 


To find the other instant, some approxima- 
tions are made. Since p>>4g, the relation- 
ship, taken from equation 13, is 


(15) 


E(t) 


Esq 
A ; 


(Ge -== 


or from equation 14 
Ex(te 
E(t.) — Ei(t:) = a ota-p)—4 E;=Es 


Thus 


es +a— 6) = Bult +4/P) 


or wi; sin wle—(pb—@) cos wh =Es(p+q) 


This gives for fp 


t =cos~! | -2 poo 
iis BE, ((p—@)? +0)" 
tan! 
P-qd 
~7—cos7! 4 (16) 
1 


at low frequencies. 


Fig. 15. Simulator arrangement for the nonlinear lead-network compensated system 
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Fig. 16. Traces of On carrying out the integrations 
step responses ob- 


tained with the setup A -| i 1—g/p) cos} Es 
of Fig. 15, where 6;/ =| a? els i, 


= 610. A—K= 7 ] | 
40,E;/0:>1. B—K Ear oe Bal Es’ 
= 40,E./0; = 0.25. zt a?) e 
C—K = 40,E/.6: = ine a 
0.5. D—K = 16, ‘Bie a Es5 -1 419 ae 
E;/0>1. E—K = s EG Bes Bt Ey Ee fa 
16, E./a, = 0.25. 
Fk 6 Eom 4q =| 

0.5 ap Ey? 


Nomenclature 


A,=real part of Ge(jw,6e) 

B,=imaginary part of Ge(jw,4e) 

C,=capacitor 

D=width of magnetic hysteresis 

E,=l1ead-network input signal 

E,=lead-network output signal 

Eg =diode bias 

G(jw,6m) =describing function of motor wit! 
nonlinear rate feedback 4 

Gc(jw,4e) =describing function of nonlinea 
lead network . 

Gx(6m)=describing function of backlas! 
hysteresis 

Gp(6-) =describing function of contactor 

Gu($.)=describing functions of magneti 
hysteresis 


» ‘ — ™ 
detensiilien Siahidiiannshtiinid lnm eateataadl eine 9 ~ Sates 


H=nonlinear rate signal - | 

h=relay hysteresis : 
K =forward loo gain ue 
The network’s generalized frequency- ~ D) Ca) k=feedback ee gain ? 
response function is now computed withthe A,;= Al (E; cos wt— Es) cos wt X m=S/6m 4 
help of relations expressed in equations 12 aes 0 ; N=nonlinear block | 
through 16, giving at N(8m) =describing function of block N | 
dct) + {o/b sin wt-+ ies ( ae 7 : f q 
E,=E£, cos wt (17) P eae p=pole of RC network | 

“(ff i-E t q=zero of RC network 4 
E,=E£, cos wt— Es, 0< wt<wt; (18A) o ee A SIO ae R;, Ro, R'=resistances : 
ie s=d/dt ' i 

_ ok; sin wt | g “ R S=limiting signal level - 
aes += (E; cos wt—Es), Hi eC (a | T=motor time-constant i } 
< 20) 6=backlash width a 
why wtS wl ( 18B) 2 wty ( A=dead zone : f 

nS ee BE t—E,) si 6, =output signal t 
=f, cos wt+ Es wteS wtS r (18C) 21 f Ker c0s a ®) a wiht) a 6; =input signal ; 

e wl. i 
Assumin ‘i error. signal : 
: f { (w/p)Ey sin mass x Om =motor output signal t 

E;/ EF, =A, cos wt +B, sin wt+ rs p 9 =controller output signal - 
; §m =amplitude of Om(t) assumed se Li] 

A; cos 38wt+B; sin 8wt+... (19) (E, cos wt—Es) 7 sin wta(wt)+ 6.=amplitude of @(£) assumed sinusoida 

Os =saturation level of magnetic hysteres: 


Then p=D/b. 


T 
fie cos wt+E#,) sin ota(ut) A=6es /6c 
oe w =angular frequency 


CN te om al te 


Fig. 17. A—Equivalent of Fig. 10(A) for 

ti<t<t,, B—Illustrative waveform of the 

nonlinear lead-network output defining the 
switching instants t, and t. 


we 


£ @= E cos ut 
Ep @) 


Se te ee ee 


t=ip t=1/w 


(A) 
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Thermoelectricity Application 


Considerations 


A. A. SORENSEN 


MEMBER AIEE 


OWADAYS, A DESIGNER is faced 
with myriad electric power require- 
ts—from milliwatts to megawatts— 
ied by new weapon and space systems 
epts. At his disposal, fortunately, 
umerous and varied potential sources 
ectricity. There is renewed interest 
activity in fuel cells and thermionic 
thermoelectric converters, for exam- 
These, together with improved bat- 
s and rotating generators driven by 
rted prime movers, present many pos- 
ities that want consideration for a 
n system. The particular selection, 
yurse, is governed by an optimization 
y, covering required power level, 
ion time, and desired characteristics. 
ae thermopile is a contender for many 
ications, now that solid-state physics 
ies have brought about more efficient 
uniform thermoelectric materials. It 
both advantages and disadvantages. 
mmpared with other energy-conver- 
devices, it is simple in construction, 
2 being no electrical fluids or ex- 
ely close spacings to maintain. 
g static, the thermopile has the possi- 
yoflong life. It operates from chem- 
solar, or nuclear heat sources, is able 
se waste heat, and adapts to various 
ient conditions. On the other hand, 
pecific weight is high, voltage is low, 
time constants are long. 
yen so, electromagnetic machines 
rate low voltage from the standpoint 
mdividual turns. Similarly, in a 
mopile series, connections are neces- 
to obtain required voltages. Power 
sistors and other solid-state devices 
efficiently convert direct current 
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to desired utilization levels and frequen- 
cies. Employing a storage device, long 
time constants can be handled more 
easily with d-c than with a-c sources. 


Engineering Design 


Use of stable metals or alloys for ther- 
mocouples in measurement and control 
applications has grown into an important 
technology. Semiconductors also have 
been long recognized as powerful thermo- 
electric materials. Although only a few 
semiconductors are elemental in compo- 
sition, there are numerous semiconducting 
compounds, many of which will give an 
electrical output when subjected to a 
temperature gradient. Some of these are 
particularly interesting because, having 
low thermal conductivity, they are eco- 
nomical in their use of heat. General re- 
quirements for practical use of these ma- 
terials in generators are: high electrical 
output, low thermal conductivity, sta- 
bility, and adaptability to production 
processes. 

An important phase in any semiconduc- 
tor materials program is control of the 
electron or hole concentration in the 
crystal. In elementary types, such as 
are found in diodes and transistors, this 
control is accomplished by adding the 
desired impurity atoms, which introduce 
donor or acceptor levels in the semi- 
conductor’s band structure. The situa- 
tion is more complicated in binary com- 
pound semiconductors because the dom- 
inating carrier type is influenced by the 
deviation of the compound’s composition 
from stoichiometry. Thus, the material’s 
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properties are influenced by both com- 
position and doping agent as well as the 
method of preparation. 

One such thermoelectric material is 
lead telluride. Couples of the highest 
efficiency are obtained if n-type material 
is prepared with excess lead over the 
stoichiometric ratio. and p-type material 
with: excess tellurium. However, since 
material with excess lead is mechanically 
superior to excess tellurium material, 
it lends itself better to mechanical proc- 
esses necessary in the construction of a 
generator. 

The preparation method also affects 
mechanical characteristics. For example, 
pressed and sintered lead telluride is 
machined more readily than cast material. 
Pressing and sintering also contribute to 
preparing graded thermoelectric arms; 
that is, to greater doping of the hot end 
of the arm than the cold end. This is 
used because the temperature depends 
on the material’s properties and results 
in some increase in efficiency. Character- 
istics of graded n- and p-type arms, pro- 
duced by pressing and sintering, are shown 
in Figs. 1 and 2. 

More than optimum n-type and p-type 
thermoelectric arms are required in en- 
gineering applications, however. Also 
required are a heat source, electrical in- 
sulation for hot and cold sides of the 
couples, thermal insulation, electrical 
connectors for hot and cold sides of the 
arms, and a heat sink. As far as the heat 
source and sink are concerned, the prob- 
lem in engineering design is to match 
available heat fluxes with those required 
for thermoelectric elements. Probably 
the most troublesome item is joining elec- 
trical connections to the thermoelectric 
arms. Soldering is generally adequate for 
Paper 60-1066, recommended by the AIEE Aero- 
Space Transportation Committee and approved 
by the AIEE Technical Operations Department for 
presentation at the AIEE Pacific General Meeting, 
San Diego, Calif, August 8-12, 1960. Manuscript 


submitted March 23, 1959; made available for 
printing May 16, 1961. 


A. A. SorENSEN is with The Martin Company, 
Baltimore, Md. 


285 


PRESSED & SINTERED Pb Te 


N-TYPE 
Pb 62.5 wt % 
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Fig. 1. Seebeck electromotive force versus temperature 
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Fig. 3. Power output versus time 
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Fig. 6 (right). Figure of merit 
versus temperature for typical 
thermoelectric materials 


Fig. 5. Resistivity of some metals 
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Table l. Space pelicalions 


Applications 


Ratings 


Limitations 


ric power source for rocket stages, 
ng cryogenic cooling and rocket 
at 

ric power source for satellites, 
ng nuclear or solar heat sources 


rol power devices 


1 to 20 kw (kilowatts) 
(15 to 25% efficiency) 


1 watt to 5 kw 
(5 to 8% efficiency) 


Weight, thermal log 


Pumping losses limit efficiency 
intermediate ratings. Heat 
storage needed for solar source 


Milliwatts to watts 


Table Il. Terrestrial Applications 
Applications Ratings Limitations 
ulsion for automotive equipment 5 to 10 kw Best suited for low speed, inter- 


(10% efficiency) 


bustion-powered, portable electric- 
wer source for quiet operation 
r-powered battery chargers for use 
remote areas 


100 watts to 5 kw 

(5 to 10% efficiency) 
25 watts to 1 kw 

(2 to 7% efficiency) 


mittent use. 
peak loads 
Pumping losses an appreciable part 
of output 
Orientation and concentration re- 
quired for higher efficiencies 


Battery needed for 


cold sides. For the hot sides, how- 
r, materials must be used which do not 
et the performance of either m- or p- 
e arms. Fig. 3 shows the output of 


2e couples made with lead telluride, 
. with iron electrodes, and one with 


cause the hot end of the p-type material 
changes to n-type. 

A helpful tool for gauging over-all 
performance of a thermocouple is the 
couple-potential profile shown in Fig. 4. 
Fine wire voltage pickups are attached at 


cel. The drop-off in output with time 
nore rapid for the nickel electrode be- 


f Fig. 8. Thermoelectric generator 
4 

a 
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points on the thermocouple as indicated 
by the numbers shown. 


Voltages across 
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TOTAL 


WEIGHT 


“THERMOCOUPLES 


RADIATOR TEMPERATURE 


Fig. 7. Graphical solution for minimum 
weight for heat source, thermocouples, and 
radiator 


cold-end connections are indicated by 0 
to 1 and 11 to 12; across the hot-end con- 
nections by 4 to5 and 7 to 8. The open- 
circuit profile of the couple shows voltage 
distribution between u- and p-type arms. 
This also reveals deterioration in per- 
formance during extended operation and 
points out the cause of the difficulty, such 
as reverse doping of an arm by the elec- 
trode. In this case, a reverse voltage is 
seen at the hot end of the arm involved. 
The matched-load profile permits deter- 
mination of contact resistances under 
operating conditions and shows output 
distribution between the two arms, The 
profile also allows voltage drop in the 
body of the electrode connecting the 
two arms to be checked. 

The hot connecting electrode can be- 


TEMPERATURE,°F +100 
s 


eo NM FF @ 


WATER 


WATER JACKET 


BARRIER 


HOT WALL 
COMBUSTION TUBE 


Fig. 9. Temperature profile 
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Table lil. 


Marine Applications 


————————————— 
<= 


= 


Applications Ratings 


Main propulsion 
Auxiliary power 


Signal devices 


Limitations 


500 kw and up (15 to 20% efficiency) 
250 watts to 100 kw (5 to 20% efficiency) 


Best used with battery for system voltage 
control 


5 to 50 watts (10 to 15% efficiency) 


Table IV. Net Thermocouple Efficiency 


Temperature Efficiency 
Applications ath Te Eff Effto Effn 
Space 2,000 degrees Fahrenheit 900 degrees Fahrenheit 45% 17% 7.7% 
(1,093 degrees centigrade) (482 degrees centigrade) 
Terrestrial 1,600 degrees Fahrenheit 150 degrees Fahrenheit 70% 26% 18% 
(871 degrees centigrade) (66 degrees centigrade) 
Marine 1,600 degrees Fahrenheit 45 degrees Fahrenheit 75% 28% 21% 


(871 degrees centigrade) 


(7 degrees centigrade) 


come an appreciable weight item, partic- 
ularly when contact resistance is lowered 
and the element lengths decreased. Fig. 
5 shows resistance versus temperature for 
some of the metals of interest for contacts. 
At higher temperatures, composite con- 
nectors are indicated to obtain minimum 
connector volume. 

Efficiency is dependent upon the figure 
of merit (usually designated by Z)—a 
composite of the Seebeck coefficient, 
thermal conductivity, and resistivity. 
Thus far, the highest figures of merit have 
been attained by materials suitable for 
use in room-temperature range. The 
general trend as temperature increases is 
shown in Fig. 6. Representative of class 
A are various alloys of BigTe;. Class B in- 
cludes PbTe and InSb, while class C covers 
oxides and silicides. Conditions under 
which design-work operation is to take 
place must be established—the heat sink 
temperature, range of temperature from 
the heat source, required life, and char- 
acteristics required by the load. From 
the standpoint of effect upon the thermo- 
pile, designs fall into three general cate- 
gories: space, terrestrial, and marine. 


SPACE 


From the designer’s viewpoint, space 
is the worst category because radiation is 
the only heat-dissipating agent available. 
For small power applications, conduction 
may be used to transport heat to the 
radiator. If the power is appreciable, 
- though, weight becomes excessive for this 
method, and a circulating fluid system 
must then be used. When a design is 
optimized for weight by compromising 
between the radiator’s weight and that of 
the thermopile and heat source, then the 
radiator operates at a comparatively high 
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temperature. Optimization may be car- 
ried out by analytical solution of equa- 
tions, by a computer, or by graphical solu- 
tion based on calculations of several 
cases, as shown in Fig. 7. 

Since the temperature gradient in the 
elements is assumed to be fixed, the weight 
of the thermoelectric elements will not 
change greatly with the radiator tem- 
perature. Thus, for a fixed maximum, 
the greater number of elements required 
at a higher radiator temperature is com- 
pensated by their shorter length. This 
assumption requires that contact resist- 
ance must not be the governing factor 
in element length. Table I shows some 
possible space applications. 


TERRESTRIAL 


Although nuclear, solar, and com- 
bustion heat sources are available for 
terrestrial use, the latter likely will pro- 
vide for the majority of cases. Catalytic 
combustion processes are especially favor- 
able for thermoelectric generation, since 
an extended high-temperature area can be 
provided and heat transfer is largely by 
radiation, thus reducing stack losses. 
Fig. 8 shows a generator employing this 
combustion principle; the catalytic com- 
bustion tube held by the young man is 


ee CONVERTER. 
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Fig. 11. Arrangements for sup- 
plying cyclic loads 


PER UNIT 


0.5 


0.5 1.0 15 ) 
LOAD RESISTANCE-PER UNIT 


Fig. 10. Output parameters versus | 


conversion tubes. At the time the f 
graph was taken, the output of! 
generator with pressed and sinter 
telluride couples was 130 watts. © 
the stacks weighed 46%/, pounds. | 
shows a profile of temperature dist 
from heat source to sink. : 
For terrestrial uses, as contraste 
space, both radiation and convec 
effects will dispose of unusable I 
Thus, radiator weight can be r 
However, pumping power is ne 
move air through a radiator, and ¢ 
an optimization must be made bety: 
over-all efficiency and weight. 
specifications for ground applicatior 
the maximum cooling-air temperatun 
125 degrees Fahrenheit, and lowe 
higher, depending upon the use, for 
borne classifications. Table II ¢ 
possible terrestrial examples. | 


CC 


MarINE 


Marine applications, some of whiel 
outlined in Table III, are the most 
able from a heat-disposal viewpoim 
cause water is available in quantity 
temperature no higher than 80 de 
Fahrenheit. Thus, the machinet 
heat disposal is simple and the pump 
power requirements are a small 
centage of the total power generated. 

The design of a complete power 
version system is governed not onl 


apabilities of thermoelectric materi- 
out is also strongly influenced by 
erature limitations of the heat source, 
rodes, seals, support materials, and 
rical and thermal insulation. Al- 
ch the marine application is the most 
able from the efficiency standpoint, 
does not infer that it alone is prac- 

In each area, thermoelectric power 
ms are subject to the same engineer- 
material limitations as competing 
ms, except for one advantage: they 

not withstand the high stresses 
untered with rotating systems. The 
itive for operation at higher tempera- 
3 In space applications will demand 
. time and effort in materials de- 
oment and engineering effort. A pro- 
on of near-term thermocouple effi- 
ies for the three areas is shown in 
eIV. Over-all equipment efficiencies 
be lower because of the factors pre- 
sly discussed. 


Methods of Use 


With currently possible efficiencies of 
about 10%, the value of m (ratio of ex- 
ternal to internal resistance) is approxi- 
mately 1/3. This means that, at the 
maximum efficiency point, the ratio of 
open-circuit to closed-circuit voltage 
with rated load is 1.77, or a regulation of 
43.5%, which is equivalent to that of an 
unregulated a-c generator. With im- 
proved materials, m will be larger and the 
regulation lower in value. Voltage, cur- 
rent, and power are plotted against per- 
unit resistive load in Fig. 10. Note that 
power output is nearly constant for a 
wide range of load resistance. Applica- 
tions requiring a constant power input, 
such as some motor drives, could take 
advantage of this characteristic. In 
other applications, needing direct cur- 
rent at various voltages, transistor con- 
verters with internal voltage regulators 


may be used. Similarly, for a-c needs, 
inverters are chosen. 

Thermopiles have the important func- 
tion of supplying continuous power to a 
storage device, such as a battery or rotat- 
ing flywheel, from which energy is with- 
drawn as needed. In this application, the 
thermopile can be operated at its most 
efficient load. Intermediate equipment 
performs the task of regulating the volt- 
age and converting it to the required 
form. Two arrangements are shown in 
Hace lat 

Each source of electric energy—be it 
an electromagnetic generator, primary 
battery, or thermopile—has its distinctive 
characteristics and limitations, which 
engineers recognize and take into account 
by. fitting designs to the various idio- 
syncrasies. With the thermopile be- 
coming generally available, engineers will 
become adept in designing around its 
limitations and exploiting its advantages. 


ame Recent Advances in the Analysis 


and Synthesis of Nonlinear Systems 
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URING the past two decades a great 
deal of material has appeared in the 
ature concerning the analysis and 
hesis of nonlinear systems. In refer- 
1, a great many of these techniques 
reviewed and it is quite evident that 
e methods are highly specialized 
aining to particular problems. Some 
linearization techniques and others 
approximations, sometimes quite 
icted. Each has its particular value 
usefulness. Despite the number of 
rs, there seems to be no underlying 
nifying theory connecting them. 
ary recent publications appearing in 
iterature?—® have shown the develop- 
t of a mathematical theory for the 
ysis of a class of nonlinear systems. 
nning with the author’s dissertation,’ 
h gives a good account of this theory, 
ies of articles have appeared expotina- 
the deterministic process of analysis 
onlinear systems and extending the 
ry to systems subjected to stochastic 
esses with the aid of the Statistical- 
isform Theorem.*” 
se,4 working in collaboration with 
ner!2:13 and Lee,!4 has developed a 
inear theory from a point of view 
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quite different from that developed by the 
author in collaboration with Ku and Dietz. 
The Wiener-Lee-Bose theory emphasizes 
a statistical approach to the synthesis of 
nonlinear systems taking advantage of 
orthogonal networks such as the Laguerre 
and Hermite systems. 

It is the purpose of this paper to de- 
velop new theoretical relations between 
the statistics of the output of a system, 
when subjected to a white-noise probe, 
and the configuration of the topology of 
the system’s actual structure. Asa direct 
implication of this last point, a relation 
exists between theoretical facets of anal- 
ysis and the corresponding aspects of 
synthesis. In addition, as a point of 
departure, the partition theory will be 
discussed and extended.?? It will be 
shown that although the solution of a 
certain class of nonlinear systems is 
unique, the form of solution is not unique 
and is a function of the point of partition. 
Examples will be given to illustrate this. 
Finally, consideration will be given to a 
synthesis procedure for specified wave- 
forms. 

Other possible approaches to the solu- 
tion of nonlinear systems will not be 
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considered since they are adequately 
treated in reference 1. 


Partition Theory Analysis 


The systematic study of physical non- 
linear systems is based on a study of a 
certain class of nonlinear differential 
equations. Consider a typical equation 
of this class: 


Z(D)x(t) +F{x(t), 2), ...} =e) (1) 


where the linear part Z(D)x(t), the non- 
linear part F { og Y and the driving func- 
tions g(t), are suitably restricted by the 
broad class of conditions given in Appen- 
dix I. A result of imposing these condi- 
tions is that the solution is unique and 
analytic. Keeping these two important 
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A(t) 


results in mind, consider another problem. 
Referring to Fig. 1, let Y(s) define a 
transfer function of a linear system re- 
lated to the linear differential operator 
Z(D) according to the relation 


1 
Y(s)=—— 2) 
G)= Zo ( 
This is equivalent to the relation™ 
1 e™ 
y(t) sae 5 (3) 


by noting it is the inversion of equation 2 
in the complex s-plane along a Bromwich 
contour (Br;) enclosing the poles of Z—\(s). 
An interesting question arises: Does a 
function A(t) exist such that when it is 
applied to the input terminals of Y(s), 
shown in Fig. 1, a response x(é) results 
identical with the response of a nonlinear 
system driven by g(t) described in equa- 
tion 1? The answer, from strictly physi- 
cal considerations, is evidentally in the 
affirmative. That this is true is clear 
at once if the nonlinear system is restricted 
to physical systems. Then x(é) is 
physically realizable.” Hence, A(é) is 
physically realizable and therefore it does 
exist. If function A(é) were known, it 
would be an easy task to calculate x(t), so 
that x(#) would be determined by the 
familiar convolution integral: 


t 
(= { AG) Wt—r)dr (4) 
0 


Utilizing the conditions of Appendix I, 
the author showed in references 2 and 3 
a rigorous mathematical basis for the 
existence and uniqueness of A(t), the 
auxiliary forcing function. Moreover, 
A(#) is analytic under these conditions. 
A hint as to how to calculate A(é) is 
obtained from physics;® consider Fig. 2. 
This system will be called the canonical 
system since it can be described by equa- 


tion 1 which is the general form for a wide - 


variety of physical systems satisfying 
conditions given in Appendix I. Suppose 
now that this system is partitioned as 
shown in Fig. 3 by making cuts at points 
a and 6, shown in Fig. 2. By properly 
maintaining the system dynamics, the re- 
sponse of the linear part behaves ex- 
actly as the response of the intercon- 
nected system. 

The equations describing the partition 
in Fig. 3 are 
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Fig. 1. A linear system with 
response x(t) 
x(t) 
Z(D)x(t)=A(t) (5) 
and 
A(t)=g(t)— Fl x} (6) 


Equation 6 is known as the auxiliary 
equation®*? while equation 5 is called the 
partition equation. It is evident that 
these equations could have been derived 
directly by mathematical manipulation of 
equation 4 with equation 1. What do 
these equations mean? Obviously, elim- 
inating A(f) from equations 5 and 6 does 
not achieve any useful result except to 
give back equation 1. To use equations 
5 and 6 effectively, advantage must be 
taken of the a priori properties of A(#), 
which were deduced by means of the 
conditions required of the linear and non- 
linear part of equation 1 and its forcing 
function. From these conditions, x(t) is 
deduced to be analytic. Since g(#) is 
analytic and F is continuous (A(é) is 
analytic since it is the difference between 
two analytic functions), the function 
F is taken to have the form 


N 
F(x) De: ays (7) 


This is not a necessary condition. If F 
does not have the form of equation 7, it 
must then be analytic. This condition 
may, in certain circumstances, be relaxed 
with due caution. 

Thus there is justification for expand- 
ing A(#) into a power series. Under these 


Fig. 2. A canon- 
ical nonlinear feed- 
back system 
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conditions the solution of equa’ ion 
is given by the moment theorem. ; 


MoMENT THEOREM 


Given an ordinary nonlinear differen 
equation (such as equation 1 su 
restricted according to the conditi 


the folded impulse response of the lin 
part Z(D) where the coefficients are g | 
as a recurrence equation.2~> g 

Formally, the moment theorem can 
written as follows. Let Q,(t) denote - 
nth moment of the folded impulse : 
sponse of the linear part of equation lo: 
the half-open interval (0, 2), i.e., 


t 
Onto= [ syt—vidr 
0 


Then the solution of equation lis: ; 
. ft 


/ >| 
x(t)= >) enOn(t) | 


n=0 


| 
The coefficients C, are determined | 
cursively. When F(x) isa polynomial | 
that given by equation 7 and the s 
is initially at rest, i.e., all initial con 
are zero, the recurrence equatiot 
ectuation 1 is given by equation 10% 


os 


Crea => Cn ax; a> and 


integral valued — 


where the ba! s are the Taylor | 
of the expansion of the forcing funet 
g(t). Equation 10 is obtainable dire 
by the Taylor-Cauchy transform. 
RULES FOR PARTITION 


1. The dynamical equation represe 
ing the system is partitioned so th. 
linear terms involving the highest-on 


LINEAR 


NONLINEAR 


I 
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tive are contained in one member 
equation. 

A modified forcing function A() is 
btained which consists of the actual 
> function, nonlinear and possibly 
linear terms. 

A proper choice is made of the ex- 
mn of A (£) according to the particular 
rties of the linear, nonlinear, and 
g functions. An auxiliary equa- 
thus formed. 

The properly partitioned differen- 
juation is then solved, 

Certain coefficients which arise 
the auxiliary equation are then cal- 
d. 

These coefficients, which appear in 
partitioned equations, are then 
ated to obtain the exact solution. 


r-Cauchy and Generalized 
unsforms 


en the partition is made such that 
ighest-order derivative remains by 
in left member, the moment func- 
Q,(t) is a power function. Hence 
lution, x(¢), is a power series. The 
ence relations for this partition are 
mable by means of the Taylor- 
ty transform given by equations 11 
2: 


1 6wWa 
a ) (11) 
277 és Nee 
= > wnar” (12) 
n=0 


ransform pairs wy,, and W“ () may 
lated operationally by the Taylor- 
ly operator 3, according to the 
ons 


SAW (r)} (13) 


)= 5.71 {wn, x} (14) 


direct transform of W™ () 

)=fth derivative of a complex time 
function d 

1 discrete variable in the transform 
half line corresponding to the complex 
time variable in the complex time 
plane 

ircle in the ) plane defining the domain 
of definition of the complex time 
function W(k)(A) and enclosing the 
singularities of the integrand of equa- 
tion 11 

omplex time variable corresponding 
to the real variable ¢ 


ations 11 and 12 are used with a 
of Taylor-Cauchy transforms to 
onlinear differential equations in 
er analogous to the use of Laplace 
orms with linear constant parameter 
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differential equations. Details of this 
transform are given in reference 8 with 
adequate illustrations, 

Consider now the conditions for the 
generalization of this transform to other 
partitions. Starting with equation 9 and 
again generalizing the real variable ¢ to its 
analytic continuation in the complex \ 
plane, equation 15 is obtained: 


z= >= CrOnin) (15) 
n=0 


where 


x(A)=a complex function derived from the 
real function x(é) by analytic con- 
tinuation just as W(\) was obtained 
from «(¢) in the case of the Taylor- 
Cauchy transform 

Cp, = corresponding transform mate of «()) 


Multiplying equation 15 by Q_m_:(\) 
and integrating around a contour C which 
encloses the appropriate singularities of 
the integrand gives interchanging orders 
of summation and integration. 


1 = 1 
ake = r =m) \)dA = Ca — xX 
2 tk *O)Q-matd)in= 9) Cae 
if Qn(A)Q_m_1(A)dr (16) 
Cc 


where the interchange is justified since 
the sum is uniformly convergent, under 
the conditions specified. To obtain a 
transform pair between x(A) and C,, the 
sum on the right-hand side must be re- 
duced to one term or, at most, a finite 
number of terms independent of }. This 
last is easily obtained since the integration 
depends only on the residues of Qn(A) x 
Q_m_1(\) which are independent of X. 
To obtain the former: 


ah: ip Do eo na?) 
275 J ¢ 
must be satisfied where f(5,_m) is some 


realizable function or operator f of the 
Kronecker delta function 6,_m. In the 


Fig. 3. The par- 
titioned nonlinear 
system 


Taylor-Cauchy transform, f is the idem- 
function and it occurs because Q,(A) is a 
power function. Equation 17 is also 
satisfied when Q,(A) has orthogonal prop- 
erties. There are other properties of the 
moment function which will give rise to 
equation 17. Under these conditions 
equation 16 may be written as: 


= if 
e Cof(En_m) => if %(A)Q—m—1(A)dd 
n=0 a Gi 

(18) 


When f is a linear operation with respect 
LO ps 


y Crf (Sn—m) aS ee =f (Cm) 
n=0 n=0 
(19) 


whenever, in addition, the orders of sum- 
mation and f operation are interchange- 
able. The general transform is therefore 
given by: 


#(X)= >) CnOn(r) (20) 


n=0 
foo ‘i X(A)Q_n_i(A)dr (21) 
2mj Jo 


The linear operation f on Cn, namely 
f(Cn) and x«(\), form a pair when properly 
treated and can be used in a manner 
similar to the Taylor-Cauchy transform 
for solving nonlinear differential equations 
describing physical nonlinear systems 
under the conditions specified in Appen- 
dix I. The functional form that the 
linear operator f takes is dependent 
upon the point of partition. The moment 
function Q,(¢) is also dependent upon 
the point of partition. The summary for 
kth-order real system is given in Table I. 

It is to be noted that the phase parti- 
tioning at a given derivative is taken to 
mean that the given derivative and all 
higher-order derivatives remain in the left 
member while all other terms are trans- 
posed to the right. 


LINEAR 


NONLINEAR 
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EXAMPLE 1. PARTITIONING AN EQUATION 


Given the nonlinear differential equa- 
tion: 
d’x dx 


—+— +bx+cex?=1 
ay +bx +x 


22 
aa (22) 


1. Partitioning at the zero-th order 
derivative: 


1 t 
onto= 5-5, a [erut—1) — 972!) dp 
nu—vJ 


(23) 


The integral of equation 23 can be 
evaluated by making use of: 
—yr |t 
Iw 
0 


‘ a [1— 
r°e-" dr = (—1)” al 
“ dyn Y 


where y; and yz are the roots of s?-+as+ 
b=0. 
2. Partitioning at the first derivative: 


tt 


t 
antoa raf re Utd, (25) 
0 


3. Partitioning at the second deriva- 
tive: 


pnt. 


On) = Cy +2) 


(26) 
EXAMPLE 2. APPLICATION OF TAYLOR- 
Caucuy TRANSFORM 


In this example apply the Taylor- 
Cauchy transform to case 3 of example 
1. This gives: 


n n(n—1) 
=e. 
WrWn_k_2 f 
Z Qu (k+1)(k+2)(n—k)(n—k—-1) 


(27) 


and, by looking for the corresponding 
pairs in a table of Taylor-Cauchy trans- 
forms,’ one can obtain the time function 
x(f) corresponding to the response of 
equation 22. 


Random Processes in Physical 
Systems 


Consider a physical system such as 
shown in Fig. 2 and suppose the forcing 
function g(t) to be random with known 
statistical properties. The problem to 
be solved is to determine systematically 
the corresponding statistics of the re- 
sponse in terms of the statistics of the 
input. There are two theorems, proved 
elsewhere,*?° for what follows which are 
useful in the general synthesis of random 
processes, 


TRANSFORM-ENSEMBLE THEOREM 


Given a random process g(t) with 
known statistical quantities and a deter- 


202 


» <v(t)>o=L[<V(s)>y] 


ministic operator L such that if G(q) is 
the resulting transform-random process 
according to the relation 


G(g)=L{g(t)} (28) 


where g is the transform-random variable 
corresponding to the orginal random #, 
then 


<G(q)>e=Ll<glt)>o] (29) 


where < >g is the ensemble average with 
respect to G and <>, is the ensemble 
average with respect to g and commuta- 
tive with respect to each other and the 
deterministic operator L, with the pre- 
caution that the subject of operation be 
the same for both operators. 

The preceding theorem is useful for 
determining the first-order statistic of a 
system. ? 


EXAMPLE 3. LINEAR BROWNIAN 
Motion SySTEM 


Let v be the velocity of each of a large 
number of similar but independently act- 
ing iron particles subjected to an oscillat- 
ing magnetic force of magnitude a and a 
random fluctuating force g(t) in a viscous 
medium giving rise to Doppler friction.” 
The differential equation governing this 
phenomenon is given by 


ota =9(t)-+a sin wot (30) 


where 


a=f/m 
f=the coefficient of friction 
m=the mass of particle 


Solution. In equation 29 let the 
operator L denote the Laplace operation. 
In a Brownian motion phenomenon the 
particles are all assumed to have started 
with the same initial velocity,!® w. 
Thus: 

Wo 
G(s) +a paeee +Vo 
Sta 


Ve (31) 


Utilizing the inverse of equation 29 for 
this case 

(32) 
The result 


Table | 


Partition Point 


At kth derivative 

At kth+(k—1) st derivatives 
At kth+(k—2) nd derivatives 
At all linear derivatives 
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power function 

nonperiodic function of exponential type 
periodic function of exponential type | 
combinations and linear combinations of power functions, , 
and nonperiodic functions of exponential type © ~ 


<o()> <i>] SO 84 
Sta 
wo vu | 
. (s +a) (s?+-wWo?) eee 


If g(t) is stationary : 


<G(s)>9= 


<v(t)>»=<g(t)>,[1—e “+ 
e “'+sin Wot — Wo COS Wot 
(a?2+ wo?) wy 

a 

Higher-order statistics can easily h 
tained by appealing to the i 
given below. In order to discuss 
theorem, first denote by e*{ } the 
volution transform of the #th order 
the complex s plane this is: q 


e{ F(s)} I EK Hel ES) 
e{ F(s)} = F(s)*F(s)*F(s)... ete. 


+ue7 : 


where * denotes the convolution 
tion in the complex plane. 


Higher-order statistic transform th 
Given a random process g(é) 
transform G(g), the mean mth 
average of the given process is: 


<g"(0>y=L7I1<e"{G@)} >a) 


The proof of this theorem is 0 ) 
by induction from the previous 
with the aid of the convolution tre 


EXAMPLE 4. SECOND STATISTIC 
SIMPLE STOCHASTIC PROCESS 


Consider a simple stochastic I 
defined by the differential equatici 
initially at rest: 


= ee; a>0 
where g(t) is an ergodic Gaussian 
process with zero mean and unit 
The problem is to obtain the va 
the response when the power-c 
spectrum is uniform over t 
spectrum, 


Solution. The Laplace transf 
equation 39 for x(0)=0 is: 
eae 

Ss 


Taking the convolution transfoi 


Moment Function 


-NovemM! 


both sides of 40 and applying the fore- 
going theorem gives 


<s7@)>,=L—[<eX(s)>x] 
~1-| CO@sero)> 01 an 


s 


To evaluate equation 41, use is made of 
the formula :° 


<G(z+a)G(s—z+a)>¢= 
ahah <g(t)gi—1r)> ye “e faa (42) 


where the complex variable s corresponds 
to #, a real variable, and z corresponds to 
7, another real variable. Noting that the 
power-density spectrum is flat, i.e., white 
noise (equation 42) reduces to the simple 
result: 


<G(z+a)G(s—z+a)>¢= mates 


S24 . 
Putting this into 41 gives: 
ih 
<6*(t)>,=—L-1 
x(t) >z Fen (44) 
or 
1 —2at 
Eem*(t)>_=— [1—e ***) (45) 
2a 


‘Since the mean value of the process is zero, 
the variance o? is: 


» ule C3 aat 
e-| (l—e | (46) 


Relations between Wiener-Lee-Bose 
Theory and Wolf-Ku Theory 


The Wiener theory of characterizing 
a nonlinear system consists, briefly, of 
obtaining a set of coefficients which are 
capable of physical measurement. These 
coefficients are obtained by subjecting 
the system under test to a white-noise 
probe. Because of the properties of 
white noise these coefficients determine 
uniquely the transmission characteristics 
of the givensystem. Since many systems 
with different physical configurations can 
exhibit the same transmission character- 
istics, the coefficients therefore do not 
uniquely determine the physical config- 
uration of the system. The given sys- 
tem can, however, be found uniquely by a 
variational procedure which will be de- 
scribed. 

Consider Fig. 4. This scheme was de- 
veloped by Wiener, Lee, and Bose to test 
a nonlinear system so that information 
obtained from the response could be used 
to synthesize a new system having the 
same response to white noise as the orig- 
inal system. Since the power-density 
spectrum of white noise is flat over the 
infinite frequency interval, the system is 
effectively being exposed to every physical 
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signal. It is well known that, in order 
to know the response of a nonlinear sys- 
tem to every input, it must be tested with 
every input.? This is unlike the behavior 
of a linear system that requires only an 
impulse as an input to determine its 
response to every input. This last occurs 
because of superposition. Hence, if the 
response to an arbitrary input is required, 
one would use the well-known convolution 
integral with the impulse response as a 
weighting function. 

The Wiener theory fails to give back the 
original system configuration since the 
white-noise probe does not consider the 
effect of initial conditions. In linear 
systems the response is essentially in- 
dependent of the initial boundary condi- 
tions. In nonlinear systems a change 
in initial conditions produces a change in 
the response. The most general test of 
nonlinear systems would be, then, to 
subject the input to every conceivable 
input and every conceivable initial value. 

Fortunately, however, the use of white 
noise and parameter variation produces 
the same effect by generating a set of 
coefficients which not only uniquely de- 
fines the transmission, but also the con- 


Fig. 4. The Wiener- 
Lee-Bose system 
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ORTHOGONAL 
POLYNOMIAL 
FILTER 


figuration. Now consider the linear 


case. 
LINEAR CASE 


Let Y(s) be the transfer function of the 
physical system. Thus: 


Z(D)x(t)=g@) 


describes the dynamic behavior of the 
linear system. Hence, by inversion: 


(47) 


x(t) = f g(t—T)y(r)dr (48) 
0 

Similarly, from Fig. 4: 

oat= f g(t—y)ha(y)dy (49) 
0 


Multiplying equations 48 and 49 and 
averaging: 


x(t)on(t) = 


i i, g(t—r)g(t—y)y(r)hnly)dydy 
(50) 


Noting that white noise is a Gaussian 
process in this case, the outputs of the 
orthogonal filter are also Gaussian because 


PHYSICAL 
SYSTEM 
UNDER 

TEST 


MULTIPLIER 
x(1)V p(t) 


TEMPORAL 
AVERAGER 


OUTPUT 
n=0,1,2,°" 
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of linearity. Furthermore the outputs 
are statistically independent and all have 
the same variance. This obtains from 
the orthogonality and the nature of 
the network’s nondissipation. Because of 
ergodicity, replace time averages with 
ensemble averages. Therefore equation 
50 becomes 


<x(oon(0>e= [ [ <ee-nx 
0 0 


glt—y)>oy(r)hn(y)drdy (51) 


The average inside the integral is recog- 
nized as the autocorrelation function. 
For white noise this is: 


<g(—7)g¢—y)>g=5(7—) (52) 


where 6(7—vy) denotes the Dirac delta 
function with power density. 

Substituting equation 52 into equation 
50 and simplifying gives: 


x (t)Un(t) = f y(r)hn(r)dr (53) 


The left-hand side is obtained by the 
Wiener theory: 


x(t)in(t)=A n (54) 


To display the dependence of y on its 
parameters: 


9: Bim) (55) 


where a; and §; are the time constants of 
the linear system. It is then evident that 
if n=k-++m measurements were made, the 
a; and 6; could be uniquely determined 
from equation 56 by simultaneous solu- 
tion of the set of algebraic equations 
which result. 


yry=9(7; ay, ...5 x3 Bi, «> 


Ana f y(r; Ql, ..-,» Ak; Biss Caney Bm)X 
0 
hn(y)dr (56) 


To obtain the values of a; and 8; in terms 
of the actual given components, use equa- 
tion 57: 


sam f A GUGTE NS Wantenare (shin ahaa fers 
0 


hy(r)dr (57) 


where the variation 6 is made with respect 
to the proper number of time constants 
according to the total number of com- 
ponents in the system. 


Physical Interpretation of Integral 
Equations of Identification 


Equations 56 and 64 are called the 
integral equations of identification since, 
as pointed out, the system parameters for 
linear and nonlinear systems can be 
determined from them by measurement of 
only the A, statistics. 
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Examination of these equations shows 
that they are amenable to the solution 
of the system function y(7), in the linear 
case, in terms of the orthogonal functions 
of hn (7) as linear combinations of the 
latter. That is, solving for y (7) in 
equation 53 gives: 


y(r) = a A nlin(7) (53A) 


n=0 


subject only to the constraint given by 


i hg(r)hn(r)dr=6r_n (53B) 
0 


where, as before, 5;_», is a Kronecker delta 
function. 

It is therefore clear that equation 53(A) 
denotes a method of measuring the im- 
pulse response in terms of the impulse 
responses of the orthogonal filters by 
measuring only the statistics associated 
with the system under test, as depicted 
in Fig. 4, when the random source is 
stationary and white. Suppose now that 
g(t) is an arbitrary random source so that 
its correlation function is 


b(7—y)=<gt—r)glt—y)>g (53C) 


In terms of equation 53(C), equation 50 
becomes 


An= f { b(7—y)y(r)hn(y)drdy (53D) 
0 0 


If the system under test is fixed to, say, 
a straight-through connection, then: 


y(r) =4(7) (53E) 
Thus: 

An= f  9(pharidy (53F) 
from which 

1D A yhn(y) (53G) 


n=0 


This gives a convenient method of meas- 
uring the autocorrelation function in a 
manner similar to system testing given 
in equation 53(A). Such a correlator has 
been tested experimentally and its re- 
sults will be reported elsewhere. 

Therefore, the integral equations of 
identification give rise to convenient 
methods of obtaining system attenua- 
tion and phase characteristics and correla- 
tion functions depending on whether the 
noise source is fixed or the system under 
test is fixed. Similar interpretation exists 
for the nonlinear case. 


THE NONLINEAR CASE 


Consider equation 4 written as 


=f a(t—r)y(r)dr (58) 
0 
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where a(¢) is the modified forcing fune- 
tion. Let a(t) be expanded into a series 
of complete orthogonal functions : 


foo} 


a(t)= Ss arP x(t) 


k=0 


where 

Af Px(t)Pm(t)dt=6x_m 
0 

and 


ay= [amratoa 
0 


analytic for allk. Using equation 49 and 
multiplying and averaging: ’ 


x(t)vn(t) -{ if a(t—r)g(t—y) X 
0 J0 


y(7)hm(y)drdy 
Now let 
a(t—r)g¢—y) =o(7—Y) 
so that 


x(t)vn(t) = f f $(7 a y)y(r)hn(y)drdy 
0 /0 


Solution of equation 64 requires a knowl 
edge of the expansion of ¢ (r—y). Com 
sider one case patterned after the theory 
given in references 2 and 3. Let th 
right side of equation 63, ¢, occupy th 
same place, with respect to a random 
process, as a(#) occupies with respect toa 
deterministic process. 
tain conditions,?® ¢ (7) can be 
panded as follows: 


$(r)= >. Cut” (65) 

n=0 . | 
Noting that?! 

(7 — vy) =e-14(7) (66) 


where D is differential time operator d/dr 
and substituting the right side of equa- 
tion 65 into 66 for ¢ (7), results in: : 


$(r—y) = 0-7) | Cat” (07) 


n=0 


Putting equation 67 into 64 gives: 


(ount= [ fielt -yD i. ‘) 
pee e 24¢ Camel ie 


y(r)hn(y)drdy (68) 


Interchanging the order of summation and 
integration yields 


x(t)un(t)= >> Cs f { (eV x” )y(7)X% 
n=0 0 0 
— Inly)drdy (65 
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is now convenient to define a new 
rameter, M,(y), as: 


nly) = ‘ (eo a" )y(r)dr (70) 
0 


ly) =| ty (y+r)dr (70A) 
0 

This parameter represents the modified 
ments of y(r), the impulse response of 
e linear part of the system for a random 
acess, in the same manner that Q,(?) 
resents the moments of equation 9 for 
Jeterministic process. Using equation 
with 69 yields 


en(t) = » CrKn (71) 
n=0 
lere K, is defined by equation 72: 
={ M(y)hn(y)dy (72) 
0 


1e C,,’s are obtained recursively follow- 
z a similar procedure to one given pre- 
pusly.2-4 Note that x(#) can be ex- 
nded into a power series® such as: 


= DD, thal: 
n=0 


ten the random process is a Brownian 
otion type. Then, noting that equa- 
m 59 can also be expanded into a power 
ries: 


d= Do bat 
n=0 


1ere b, are the Taylor coefficients of the 
rht side of equation 59 namely: 


a” bs : | 
a — axPx 
n! dt” as 


k=0 


(73) 


(74) 


(75) 


1e last coefficients may also be obtained 
cursively. Rewriting equation 58 as 


p= f a(r)y(t—r)dr (76) 

0 

d using equation 74 yields: 

i >, bnOnlé) (77) 
n=0 


the partition is made at the highest- 
der derivative, Q,() is a power func- 
m.2—% In this case, recurrence relations 
e obtained relating the b, to the a, given 
equation 59. The f, are automatically 
tained from equation 77. To relate 
e C, to the b,, appeal to equation 63. 
he latter yields the appropriate recur- 
nee relation to complete the solution. 
ie recurrence relations will not be dealt 
th in detail, however, a great deal of 
mplification can be effected in the form 
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of the recurrence relations if a(é) is as- 
sumed to be a power series at the start. 
In this case the Taylor-Cauchy trans- 
form can be applied and will now be 
considered with the detection of faults 
in complex physical systems. 


General Synthesis Problem 


In this section, a theory leading to a 
general synthesis procedure of both linear 
and nonlinear systems will be considered, 
the problem being that of uniqueness. 

In the problem of analysis the solution 
is always unique for linear systems and 
for a certain class of nonlinear systems 
which are physically realizable.2—? In 
the problem of synthesis the solution is not 
generally unique. The reason for this 
lack of uniqueness seems to be related to 
a corresponding lack of information con- 
cerning such things as initial conditions, 
forcing functions, distribution of currents 
flowing in the interior of the structure 
and the number of components compris- 
ing the configuration. Generally, in 
linear synthesis procedures, the forcing 
function is tacitly given when the pro- 
cedure involves poles and zeros in the 
complex frequency plane, otherwise none 
of the other information is usually given. 
This allows for an ambiguity in construc- 
tion of the configuration giving rise to 
as many as an infinite variety of solutions. 

In the previous section it was pointed 
out that the Wiener theory by itself led to 
a synthesis procedure which was not 
unique. The Wiener structure combined 
Laguerre and Hermite networks with 
multipliers and adders to produce a re- 
sponse to white noise which was identical 
to the system under test. By combining 
the Wiener-Lee-Bose theory with the 
Wolf-Ku theory a set of measured values 
are related to the transmission coefficients 
of the structure which are in turn related 
to the time constants of the structure. 
However, this knowledge does not give a 
unique structure of the system under test 
since once again many systems can have 
equivalent transmission with such time 


constants. To define the nature of these 
WHITE NOISE 
FORCING FUNCTION 
Fig. 5. A procedure for RIVET NOISE 


uniquely determining the syn- 
thesis of a given structure 
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BOUNDARY VALUE CONTROL 


time constants in order to define uniquely 
the structure, the system should be tested 
in the following way. Expose the system 
to a white-noise probe as a forcing function 
and, simultaneously, vary the boundary 
conditions according to another white- 
noise probe generated independently; see 
Fig. 5. The unique synthesis is ob- 
tained by a statistical analysis of the 
output. This might be achieved by 
subjecting the output to an analysis 
similar to the Wiener scheme with the 
analysis repeated with orthogonal com- 
ponents obtained from both white-noise 
probes. This problem has not yet been 
satisfactorily solved. The main difficulty 
stems from the introduction of the second 
noise probe, 

As remarked earlier, if the structure 
configuration is given a priori, the unique 
synthesis problem is reduced to a pro- 
cedure involving two sets of measure- 
ments of the Wiener type; the second 
is obtained by repeating the first after a 
variation has been performed on the 
system in a specified manner. 


Synthesis to Special Waveforms- 
Pole-Zero Method 


In the previous section the synthesis 
of networks and systems under the in- 
fluence of a white-noise probe was dis- 
cussed. Now, a synthesis procedure is 
indicated for nonlinear systems given a 
specified waveform as an input, boundary 
values, a distribution of singularities in 
the complex plane, and the transmission 
characteristics of the linear part. The 
procedure is based on a theory outlined 
for stable systems in reference 2 and con- 
tinued in reference 7, however, this 
procedure has a much simpler concept. 

Let Y(s) be the transfer function of the 
linear part and let{ sn} be a set of singular- 
ities which are generally supposed to be 
finite in number; then, given a specified 
forcing function g(z), what is the nature of 
the nonlinear part F to satisfy these condi- 
tions? 

The synthesis procedure under these 
conditions is: 


PHYSICAL 


OUTPUT 


SYSTEM 
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1. From the singularities and initial condi- 
tions determine the coefficients C, in closed 
form using reference 2. 


2. Utilizing the C, coefficients, determine 
the response of the system using the moment 
theorem. 


3. The nonlinear part of the system is then 
obtained using the canonical equation 1. 


4. The canonical system is then obtained 
easily by reference to Fig. 2. 


EXAMPLE 


Let the linear plant of a system be given 
as 


1 
Y()= rai (78) 
If the system is forced by 
gt)=e (79) 


find the coefficients of the nonlinear terms 
so that the response has a pole at s=—1 
and the nonlinear part has no derivatives 
and does not exceed degree 2. 

The solution can be effected by using 
the recurrence equations of references 
2-4, or it may be solved directly, in which 
case the solution is almost trivial. For 
instance, from 


Z(S)= =S+2 (80) 


1 
Y(S) 


the canonical form is obtained: 


ay + F(x) =g(8) - 
Fae (x) = g(¢) (81) 


or 
F(x) = g(t) -—#—2x (82) 
Noting 


2 


F(x) = ye anx™ 


k=0 


then 


2 


» ax” = g(t) —4 —2x (83) 


k=0 
From the problem: 


1 
X(s)= Bee (84) 


from which 
x(t)=e * (85) 
so that 

tt ge tt ae ttm! 


dotae (86) 


Since equation 86 is an identity, it is 
clear that: 


a)=0 (87) 
a= —1 (88) 
a= 1 peas 


Thus the nonlinear component satisfying 
the problem requirements is: 


F(x) = —x+x? (90) 
Conclusions 


This paper has presented some aspects 
of some of the recent advances in the 
analysis and synthesis of nonlinear sys- 
tems. The concepts involved in the 
Wiener theory and those developed by 
the author have been reviewed. It is 
evident that the two theories have differ- 
ent approaches looking toward common 
goals. On one hand, the Wiener theory 
considers the synthesis problem in a 
statistical form, while on the other hand 
the author’s theory considers the concept 
of partition which is a deterministic 
process. However, the two theories may 
be combined to produce a new theory 
for determining the structural configura- 
tion internal to a given system. This 
theory therefore finds application in the 
fault detection and diagnosis problem in 
complex systems. In addition to its 
practical value the new theory relates 
coefficients capable of being measured to 
coefficients capable of being calculated, 
which gives a means of mechanizing new 
measuring systems with high accuracy. 

By interpreting the solutions of the 
integral equations of identification, one 
can devise highly accurate measuring 
systems to determine attenuation and 
phase characteristics for linear systems, 
and correlation functions of stationary 
random functions. This leads to the 
concept of ‘almost instantaneous’ and 
“instantaneous” correlators. 

A complete synthesis theory can be 
developed using the canonical system as a 
basis. From here it is easy to show that 
the response of this system is unaltered 
if the linear and nonlinear boxes are inter- 
changed providing each operator is also 
inverted. It is possible to show that by 
making the appropriate partitions almost 
any desired configuration can be achieved 
in both single- and multiple-loop feed- 
back systems. 

It is interesting to note that the absolute 
test for stability of a nonlinear system 
consists of utilizing a double white-noise 
probe (Fig. 5) and examining the position 
of the resulting singularities in the com- 
plex frequency plane as described in 
reference 7. 

Some very important problems are still 
left unsolved; for instance, the solu- 
tion of the recurrence equations in closed 
form, development of other transforms 
like the Taylor-Cauchy to give elementary 
and higher transcendental types of solu- 
tions for nonlinear systems, and using 
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more efficiently Krohecker’s (tim orene 
(developed in reference 2) as a tool in thi 
synthesis of nonlinear systems. ’ 

It is possible to extend the synthesi 
problem, under suitable restrictions, t 
the design of adaptive control systems 


Appendix |. Restrictions on 


»ystem 


1. The linear operator Z(D) has an i 


pulsive response y(¢) of exponential type anu 
order 1. i 


2. The forcing function g(t) is a functi G 
exponential type and order 1. 
3. The nonlinear function F(x, 4, ... F 
single-valued, continuous, and satisfies thi 
following conditions. + 
4 
Given a pair of positive constants, MZ ana 
a, and two continuous functions, v(¢) ana 
u(t), which are asymptotically like e~™ 
then F must satisfy the condition that 


| F{o(0} — Flu} | <Me™™|v()—u| 
for all ¢>0. 4 j 


Appendix Il. Partitioning to 
Obtain Power-Series Solution 


In the partition theory of solving on 
dinary nonlinear differential equations of * 
certain class, all the nonlinear terms an 
transposed to the right side. The solutiox 


terms in the open interval (0, #). Iti 
noted that if all but the highest-order deriva 


power-series solution results becanaa & 
resulting moment function is a power fun 
tion. It is possible to obtain power-setie 
solutions by transposing all terms excey 
any one linear term to the right side. How 
ever, in the case of linear terms of ordel 
less than the highest-order derivative, it i 
necessary to reorder the indexes prior t 
obtaining the recurrence equation. If prio 
reordering of indexes is not according t 
the order of the term remaining in the par 
tion, the resulting recurrence relation wil 
be backward. 

The partitioning of an equation at f# 
highest derivative has the benefit of givin 
the desired coefficients automatically as : 
function of the lower-order ones withow 
prior reordering of indexes. 
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Discussion 


. H. Ku (Moore School of Electrical En- 
neering, University of Pennsylvania, 
hiladelphia, Pa.): In connection with the 
tition theory discussed in the beginning 
Dr. Wolf’s paper, I did suggest the name 
“auxiliary forcing function’ for A(#) used 
equations 4 and 5 and shown in the block 
agram, Fig. 2, of the paper. I wish to 
Mint out that in the nonlinear differential 
juation 1, transposition is allowable for a 
ass of problems where the solution is 
lique and analytic, although superposition 
ould certainly fail to apply. In a recent 
uper! I have discussed this point in connec- 
on with the feedback system block dia- 
‘am. Let the nonlinear differential equa- 
on be 


+kic’ +koe=r—N(c’,c)=r—b=e (91) 


here c denotes the output signal, c’ and 
' denote the first and second derivatives of 
with respect to time, and NV(c’, c) denotes 
nonlinear function of c’ and c. The sym- 
Is r, b, and e correspond to the input, feed- 
vck signal, and error or actuating signal 
spectively. Note that the actuating signal 
#) corresponds to a particular choice of the 
ixiliary forcing function A(t) mentioned 
Dr. Wolf’s paper. 

We can rewrite equation 91 in two differ- 
it ways: 


‘hic’ =r—kc—N(c’,c)=r—bi=a (92) 


=r—kic! —koc—N(c’, c)=r—bo=e2 (93) 
hus, ¢; and ¢, correspond to A;(¢) and A2(t), 
le two other modified auxiliary functions, 
spectively. Suitable block diagrams can 
> drawn corresponding to equations 2 and 
_ So the method is not limited to parti- 
oning at the highest derivative alone, 
lough the highest derivative should be in- 
uded on the left-hand side of equations 91— 
3. Note that the original nonlinear differ- 
itial equation would be 
thie’ +hec+N(c’, Cc) =f (94) 
hich may represent an open-loop system. 
The advantage of the Taylor-Cauchy 
ansform method is in its possibility of 
any applications. For instance, it can be 
sed with the Transform-Ensemble method 
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mentioned in reference 9 of the paper. It 
can be readily used for the solution of vary- 
ing-parameter systems.2 The writer has 
great hope in Dr. Wolf’s extension of the 
above-mentioned approach to the synthesis 
of nonlinear systems. Maybe it is in the 
field of synthesis rather than the field of 
analysis that the new method will be most 
useful. 
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R. L. Cosgriff (Ohio State University, 
Columbus, Ohio): The author is to be 
congratulated for focusing attention upon 
series solutions of nonlinear differential 
equations. This discussion is concerned 
with the real time series solutions and the 
comparison of this technique with the 
Taylor-Cauchy transform method. 
Nonlinear differential equations with 
deterministic driving functions can be 
solved as accurately as desired providing 
one is willing to expend the energy and a 
solution exists. Many methods can be 
employed, and a judicious choice of method 
for a given problem can greatly reduce the 
labor involved. One of the classical meth- 
ods for the solution of linear differential 
equations is the method of Frobenius, that 
gives the solution in terms of a Taylor series. 
For a complete discussion see reference 1. 
This method when extended to the nonlinear? 
case yields results identical to those obtained 
by the Taylor-Cauchy transforms. Dis- 
regarding terminology, the basic steps of this 
transform technique and those involved in 
the method of Frobenius are identical. 
In both cases a Taylor expansion of all 
variables involved in the differential equa- 
tion must exist. (The collective coefficients 
of the series for each of the various variables 
is the transform of that variable.) Equating 
all coefficients, known and unknown, of like 
powers of ¢ arising after the substitution of 
time series into the differential equation 
corresponds to equating the transforms of 
the variables involved. Determining the 
transform of the unknown variable corre- 
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sponds to determining the coefficients of the 
time series of this unknown variable. 
Consider the author’s example 


enh, ea +cx?—-1=0 
aa Ue xox = 
CoO) ey a—=(0) 
Let 
x=) wat" 
n=2 
Wo=W=0 


the series for «2 becomes 
n 
WmWn—mt 


Upon substitution of the assumed series one 
has 


D] mn Dea bolder +bwn_a+ 


n—4 


c ya tata “2-1=0 


m=2 


Thus, the coefficients for the unknown x 
(the transform of x) are given by 


n—4 
_ Wy Wn_2 ent 
bees ee n(n—1) 4 n(n—1) 
m=2 
for n>2 


The above recursive relationship gives the 
unknown coefficients (the transform) of x 
and is identical to equation 27 once the 
w’s of equation 27 are properly defined or 
the expression is corrected. Fora=b=c=1, 
W2= 1725 W3 = —1/16, w=0, wWs= 1/120, 
we= —1/720—1/120 = —7/720, therefore 


x = t/2?—1/6#+1/120—7/7208%+... 


Notice the two terms of we. The first would 
occur if c=0 (the linear differential equa- 
tion) and the second is due to the nonlinear 
term. Observe the large magnitude due 
to the nonlinear term. For n>6 the non- 
linear terms predominately determined the 
values of the coefficients of the differential 
equation. Thus, it can be concluded that 
the rate of convergence must be considered, 


~ 


and one can easily demonstrate that this 
is far more of a limitation in the solution of 
nonlinear problems than it is in the case 
of linear problems. 

Returning to the author’s development it 
is apparent that the special techniques such 
as partition theory, moment theory, and the 
Taylor-Cauchy transform can be bypassed 
by using the method of Frobenius. 

The author considers desirable require- 
ments for other transforms equation 16 
through 21. These conditions describe 
functional groups convenient for the solu- 
tion of differential equations. In the real 
domain desirable requirements for functional 
groups can be described; for example, 


M2 


at > Rmfm M,<M2<n 


M1 


B 
ie Kofa 


with the requirement m<n<a<f where k’s 
and K’s are constants. If these conditions 
are met and the driving function, y, can be 
expanded in terms of the summation 


y= se Canfn(t) 


the solution for x will take the form 


x= > Conf n(b) 


and the recursive relationships for the 
Csn Will exist. Simple functions are 


fn=t" 
Sey (a is a constant) 
feat 


I wonder whether these real time require- 
ments are the same as the requirements 
based upon transform theory. 

The importance of Wolf’s work with 
transform methods is that it introduces a 
new facet concerning the solution of non- 
linear differential equations. As each facet 
is exploited new insights and techniques 
develop which expand our knowledge of non- 
linear systems. 
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Louis F. Kazda and A. Y. Bilal (University 
of Michigan, Ann Arbor, Mich.): Dr. 
Wolf has called the attention of control sys- 
tem engineers to the partitioning method 
and its application to nonlinear differential 
equations. It is a systematic way of 
solving nonlinear differential equations, and 
lends itself to digital computation. Prob- 
ably the greatest contribution of the method 
is that it permits an insight into the syn- 
thesis of nonlinear systems. 

A review of the author’s published work, 
however, would reveal that certain ques- 
tions have been left unanswered, and which, 
the novice, trying to utilize the presented 
material, would naturally like to have 
summarized. These questions are: 
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1. What insight can be gained about the 
stability of a system for a general class 
of forcing functions utilizing the partitioning 
method of analysis? 


2. Under what conditions would partition- 
ing at points other than the highest deriva- 
tive be desirable? 


3. Consider for example the nonlinear dif- 
ferential equation 


E+wox +x? =0 


which is the equation that is obtained as 
a result of introducing into the linear sec- 
ond-order differential equation ¢+ao.«=0 
the nonlinear term x’. It is not clear to 
us how the partitioning method presented 
will aid in telling us how the amplitude and 
frequency of oscillations vary with time. 


Alfred A. Wolf: I am most grateful to Dr. 
Ku for his illuminating and encouraging 
discussion. In general we appear to be in 
agreement on all the points discussed. In 
particular, Dr. Ku’s reference to the syn- 
thesis of nonlinear systems is of particular 
interest. In my dissertation,! a stability 
theory was given. There are several in- 
teresting consequences of this theory, one 
of which was reported upon previously.!? 
I would now like to discuss briefly another 
consequence that leads to a synthesis pro- 
cedure. 

Suppose the Laplace transform of x(t), 
the solution or response of the system, 
after suitable change of variable as dis- 
cussed in reference 1 is obtained by the 
Taylor-Cauchy transform’ or some other 
method! and given by 


X(w)= » hnw" 
n=0 


where w is a complex variable correspond- 
ing to ¢ and functionally related to the com- 
plex variable, s, of the Laplace transform 
and hy, denotes the coefficients of w”. 
Under certain conditions X(w) will be 


(95) 


meromorphic. A simple test for determin- 
ing this is by applying Kronecker’s 
theorem.!4+ Then X(w) is expressible as 
the rational fraction, 
N(w) 
EXC) 
(w) Pw) (96) 
where 
m 
N(w)= > arw" (97) 
r=0 
and 
n 
P(w)= >> byw" (98) 
r=0 
then 
b 
ar= > hebrs (99) 
k=0 
such that 
=0 when r>m 
"| 40 when r<m (100) 


The upper condition of equation 100 deter- 
mines the 0,’s while the lower condition 
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to calculate the zeros and poles of X ( W). 
Thus, the stability is determined. j 


EXAMPLE 


Let us determine the coefficients a; and § 


oS 
> 
——— 


coefficients hy. 


k 
: ! 
n _ dota 16nt 

XS, gee PEE a | 
n=0 q 
q L 

ie ae w | 

= G6 2309 | 
Tees | 

1 — « 

<7 ; 

Therefore | 
A 

ao = hobo (102 a 
a1 = hobr +Iabo (103); 
O=hb; +hebo (10. Di 


0= hob, +habo 


For nontrivial solution a condition on tht 
h’s: 


hy he | 
=0 el 
he hs 
Hence 
by ee hy (1 ) 
bo I 
eee (108) 
aq 
aq hohy ( 
ao Nohe+h,? 


the a,’s. Turning the problem around y¥ 
have the synthesis problem; that is, gi 
the a,’s, which specify the characteristi 
of a certain system, the h,,’s are calcula 
The dynamics of the system would be spe 
fied by a nonlinear differential equation 
which at least some of the coefficients of 
differential equation are unknown. The 
are then functions of these unknown co- 
efficients. Since the a,’s are specified, the 
hy’s are determined, hence the unknown ¢ 
efficients describing the system dynan 
are calculated. This is one kind of s 
thesis procedure leading to systems with 2 
specified degree of stability and the par: 
eters of the system are determined in s 
a way as to give this desired stability. 

I would like to thank Dr. Cosgriff both 
his comments and for affording me the 
opportunity of replying to the points raised 

The two main points which Dr. Cos 
raised deal with the method of Frobenits 
and its relation to the method of the pape 
and the generalization of expanding t 
auxiliary forcing function. “sz 

The method of Frobenius, which has be 
discussed in some detail in reference 5, i 
special case of the Partition Theory. Ho 
ever, the Frobenius method only gives 1 
to power series solution, but the Partiti 
Theory gives rise to a general class of sol 
tion forms depending on the point of part 
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As pointed out in the paper, these 
is can be Power series, Dirichlet series, 
onometic series, Orthogonal series, 
mg others. The form of solution de- 
is on the partition point and the form of 
aunsion of the auxiliary function, which 
vide flexible control on the nature of 

solution’s form. In the Frobenius 
hod the solution is assumed to be a power 
ss; in the partition scheme the auxiliary 
stion is expanded into an analytic series, 
necessarily a power series. If the auxil- 
function is expanded into a power series, 
solution is only a power series if the 
it of partition is at the highest derivative. 
ill also be a power series if only one term 
ains after partition and reordering of 
ices. If the partition does not allow the 
1est order derivative to remain on the 
member then care must be taken so that 
resulting recurrence equation will not be 
kward. In this sense, a partition at the 
)-th derivative, with all other linear 
ms transposed, is equivalent to the 
shod of Frobenius. In the paper, the 
et of changing the partition point was 
strated. This illustration showed how 
solution form changed from a power 
es to a Dirichlet series. 
Ve now turn to the second point of Cos- 
fs discussion dealing with the con- 
iction of analytic auxiliary functions 
er than power series. This point is dis- 
sed in great detail in reference 1. In- 
ad of going into such detail here an ex- 
ple will be given. 


AMPLE 


n virtue of the theory in reference 1, 
following expansion of A(¢) is justified. 


co 
N= > cne dn 
n=0 


our previous examples A(t) was ex- 
ided into a power series. The recurrence 
ations resulting from this kind of expan- 
n are simple and elegant. The next 
iplest expansion of A(t) is given by equa- 
n 110 and the simplest recurrence 
ations among these results when A, is 
sen as 


=an (111) 


ation 1 now has the solution 


Ss cnP nit) 
 n=0 


e P,(t) are the exponential moments 
the folded impulsive response of the 
r part given by 


(110) 


(112) 


t 
p= [ e ™@Ty(t—7)dr (113) 
0 


s evident that on expanding e~”27 into 
mower series a relation exists between 
exponential moments and the moments 
(t— 7), On( 2). . 

y choosing d, according to equation 111, 
have the special case of the Dirichlet 
, known as the Power Dirichlet series. 
terminology is adapted since equation 
ices to a power series in Z when Z= 
and X, is given by equation111. Con- 
r, for example, a system described by 
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dx 
ao +bx*= g (114) 


where f,b,and g are constants, subject to the 
initial conditions 
«(0) =0 (115) 
Equation 114 may be partitioned in two 
ways. The first might be at the highest 
derivative or a second choice might in- 
clude, in addition to the derivative, the 


function itself. Consider the former parti- 
tion first: 


dx 

Famine (116) 
Thus, 

dx = 

oa > cre (117) 


performing the indicated operations and 
equating like powers of Z=e*' the follow- 
ing recurrence relation is obtained. 


For n>0: 


Cu (g—fl— DRC +E" — Beno + 
na 


2bk = (118) 
na 


where k& is a constant of integration. 


For n=O we are enabled to determine k; 


that is, letting 7 =0 we obtain 


bk? +fk—g=0 (119) 
or 
—a/ralls 214 
pa EN Ee (120) 
2b 
Hor 7 = 1% 
PIP Te a) aCe pes (121) 
a a 
or 
2bk 
(E+) <0 (122) 
Gi 
The second factor is not zero; hence, 
(Si 0 (123) 


For n=2 it is possible to determine the 
characteristic exponent,a. After simplifica- 
tion 


be? 2bk 

Go| 1— f +—— =()) 
20 G2" *2e 

Either or both factors may be zero. We 

shall assume that the second factor is zero 

to determinea. Noting c;=0 from equation 


123 and substituting the value of k given 
by equation 120 yields the results 


(124) 


a=+1+/f?+4bg (125) 
This result is known to be correct since it can 
be checked against the solution as obtained 
by separating the variables. The character- 
istic exponent in this case has two values. 
Both must be used in equation 126 giving 
rise to Dirichet series 


: | C9) Ph 
x= e ALD PG 8 
—na 


n=1 


(126) 


If the characteristic exponent had k values 
then k series would be needed in addition 
to the constants of integration which may 
arise. This procedure is similar to that used 
in linear differential equations. The re- 
mainder of the solution follows a similar 
procedure to that described elsewhere. 

If the second partition scheme is used 
instead, a different form of x(t) is obtained; 
this is easily checked. 

The third case proposed by Cosgriff, 
namely expanding 


Ae) S Gri tenes 


n=0 


evidently follows a similar procedure. Ac- 
tually a more interesting case for investiga- 
tion is to expand A(#) according to the rela- 
tion 

A()= Se Cyl Ome 


n=0 


(127) 


Regarding the question of generating trans- 
forms for these cases like the Taylor-Cauchy 
transform, the answer is clearly that this is 
indeed possible and has been done. These 
results may be reported upon later. 

The questions raised by Dr. Kazda and 
Dr. Bilal are much appreciated and greatly 
valued. The three points raised by them 
are particularly pertinent to the theory of 
partition and I shall take up certain aspects 
of these points not covered before. 

Let us consider the first point relative to 
the stability of nonlinear systems. In refer- 
ence 1 it was shown that a certain class of 
linear systems existed (not necessarily 
physically realizable) such that the response, 
%n(t) for n=0, 1, 2, ..., of each of these 
systems formed a point set whose limit as 
n— o is the response of the nonlinear differ- 
ential equation given in the paper as equa- 
tion 1. The members of the set x,(t) are 
generated as follows: 


t 
oe { epeeoes (128) 
0 
and 
t 
xn(t) =xo(E) =|; F{ Xn—1 (r)} y(t —r)dr 
0 
for 221 (129) 
The limit referred to, 
a«(t)= lim xp(t) (130) 


is rigorously proved in references 1 and 6 
as a uniformly convergent procedure. 
Because of uniformity, the following theorem 
is proved. 


Theorem 1. Suppose that 
lim x»(#) =0 (131) 
to 


then there exists an NV>0 such that for each 
n>WN the limit, equation 131, governs the 
behavior of x(t) so that 


lim x(t) =0 (132) 


to 
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What this theorem implies is that there 
is, from a certain member on, in the set of 
responses {x,(t)} a linear member whose 
stability governs the stability of the non- 
linear system. While theoretically this is 
an important result, the solution of x,(t) 
for a given 2>WN is cumbersome and its 
stability is not immediately discernible. 
To ameliorate this situation one makes use 
of the following theorem. 


Theorem 2. The members of the point 
set {x,(¢)}, under the conditions specified in 
the paper, are each of exponential type. 

This implies that each member has a 
Laplace transform, and moreover, the 
singularities for a lumped parameter sys- 
tem are poles for the &{x,(t)}=X,(s) for 
all finite m, In the limit the function x(t) is 
not necessarily of exponential type so it does 
not. necessarily have a Laplace transform. 

Utilizing the partition method the series 
solution of x(t) can be obtained. By 
proper partition, the power series solution, 
or any other series solution is obtainable. 
Even though the expansion of x(t) does not 
have a Laplace transform directly it can be 
obtained as near as desired by a limiting 
procedure on the solution of x,(¢). Since 
the latter cannot easily be obtained, a solu- 
tion of x(t) is found in series form. As 
shown in reference 1, the coefficients, C, 
of this series gives the singularities of 


L{x(t)} = lim £{xn(4)} 


N—> © 


which may not be poles. These singulari- 
ties form a convex singularity hull. If this 


hull is in the left half-plane of s, the Laplace 
complex variable, the system is stable; 
otherwise, it is not. 

For absolute stability, the convex sin- 
gularity hull must be in the left half plane 
for all inputs, To do this practically white 
noise must be applied to the system, as 
described in the paper, and the average posi- 
tion of the convex singularity hull must be 
noted. If this average position is in the 
left-plane the system is absolutely stable. 


Let us now take up the second point raised 
by Kazda and Bilal namely, ‘under what 
conditions would partitioning at points 
other than the highest derivative be de- 
sirable.’ There are a number of instances 
where this is desirable. When there is in- 
terest in displaying certain harmonics of the 
system partitioning might be utilized so as 
to display these in the solution expansion as 
a linear combination. Another place where 
partitioning at a point other than the highest 
derivative is important is the case where the 
recurrence relations can be made to ter- 
minate, or at least be madesimpler.1 There 
are two important subcases where this sim- 
plication takes place. One pertains to the 
case of a given expansion of the auxiliary 
function. In this case the partition point 
can be varied by trial to see if the recurrence 
relations become simpler. The other sub- 
case pertains to changing the form of ex- 
pansion of the auxiliary function. For 
example, if the partition is to be made so 
that the highest derivative say the k-th and 
the (k-1)st remain in the partition, the 
Dirichlet series might be used as an expan- 


does not terminate. 


sion of the auxiliary function. ae 
give the simplest moment function, r 
solution of the system would be anott 
Dirichlet series. ‘ 
Regarding the third point of Kardie 
Bilal’s discussion, the auxiliary fone 
the Dirichlet series would be selected. 
point of partition would depend on no c 
wished to display the result. If the resul: 
to show functional dependence on w in ter 
of harmonics, the partition would be m: 
after the second linear term namely « 
For other purposes it might be made af 
#. In either case, as shown above, * : 
characteristic exponent would cont: 
information relative to the frequency 
oscillation, Determining the amplitude 
somewhat more complicated if the sex 
What might be de 
here is the rewriting of the terms of 
series as trigonometric functions tl 
utilizing trigonometric identities to disp 
amplitude and phase information.  —_ 
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Feedback Compensation: A Design 
Technique 


G. J. THALER 


MEMBER AIEE 


HE DESIGN OF feedback compensa- 
tion for feedback control systems is a 
subject which is treated in the technical 
literature as an undertaking incidental to 
the design of specific systems. 

Most textbooks are concerned primarily 
with cascade compensation; the few! 
that devote reasonable space to feedback 
compensation treat special cases or re- 
duce minor loops, one at a time. 
provide a systematic approach which has 
general applicability. None of the sug- 
gested techniques give much guidance as 
to suitability of a selected compensation 
path or compensator. Excessive labor in 
many applications is expended in re- 
peated trial-and-error solutions. 

The technique suggested herein is 
generally applicable to systems of any 
order, and to nonlinear systems under 
certain conditions, It permits design of 
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J. D. BRONZINO 


STUDENT MEMBER AIEE 


None: 


D. E. KIRK 


STUDENT MEMBER AIEE 


feedback compensators by following well- 
known and well-practiced techniques of 
cascade compensation, and offers some in- 
sight into whether selected paths and com- 
pensators are appropriate. | Moreover, 
the labor involved is no greater than that 
required for cascade compensation design. 


Fundamental Principles 


Numerous specific procedures apply 


to feedback control system design. In 
general, however, after the selection of 
what may be called ‘unalterable com- 
ponents,” the system gain, or type num- 
ber, or both, are fixed to satisfy specifica- 
tions of static and steady-state accuracy. 
A stability check follows, and a need for 
compensation is usually indicated. When 
feedback compensation is to be used, a 
suitable path and cpinpensaics must be 
chosen. 
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ee Tt ‘ 


Choice of a path is restricted by: 
availability of signal pick-off me | 
signal feed-in (summing) points, and 
suitable and accurate pick-off and m¢« 
uring devices. For simpler syste 
path selection is relatively easy; 
complex systems, theoretical infor: 
tion is limited. Some work* has E 
done, but much more is needed. 
The suitability of a compensator 
ever, is more readily judged. Fi 
must not affect the low-frequency 
the forward path. When this 
ment is applied, a feedback path, u 
gain adjustment only, alters the fo 
gain at all frequencies, thus affecti 
steady-state accuracy of a type-O 
in response to a step input or a load | 
turbance, as well as the steady-stat 
racy of a type-1 system in respons 
ramp input, load torque, etc. Fi 
rivative feedback affects the velocity 
error of a type-1 system following af 
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Fundamental manipulation 
procedure 


Fig. 1. 


A—Typical block diagram 

B—Break compensator path and rearrange 
C—Reduce to equivalent single block 
D—Reconnect compensator 


but does not affect the steady-state re- 
sponse to a step or a load disturbance. 
Second-derivative feedback affects accel- 
eration-lag error of a type-2 system. 
The compensator must, as a second 
‘requirement, be capable of stabilizing the 
‘system and of adjusting the transient 
response to meet specifications. Aside 
from such considerations as physical 
realizability and economics, this simply 


(6) 


(c) ROOT Locl 


P2 
Fig. 2. Tachometer feedback 


A—Block diagram 
B—Equivalent single loop 
C—Root-locus plot 


means that the compensator must be able 
to move the roots of the characteristic 
equation to suitable locations; or that it 
must adjust phase and gain margins and 
resonant frequency to acceptable values. 
This is equivalent to saying the modes 
of transient oscillation are specified by 
root locations only. True, zeros of the 
system function adjust the amplitudes of 
oscillation modes and thus may alter 
system response to the extent of making 
an apparently acceptable root configura- 
tion unacceptable. Conversely, a root 
in an undesirable location may be essen- 
tially nullified by a properly located zero. 
In general, selection of a compensator 
that will provide acceptable root loca- 
tions is the reasonable starting point. 
Since the technique herein developed 
adopts this approach, certain adjust- 
ments of the block diagram are per- 
missible. If the characteristic equation 


and its roots are the sole interest, all 


command and disturbance inputs may 
be kept constant at zero for sake of con- 
venience. This permits elimination of 
several summing points which otherwise 
would be annoying. 


Basic Block Diagram Manipulation 


Assume that all gains have been set to 
satisfy steady-state specifications, and 
that a feedback compensation path has 
been selected for trial use. Compensa- 
tion technique then depends on block- 
diagram manipulation. The procedureis: 


1. Set all input and disturbance signals at 
zero, and eliminate summation points 
wherever possible. 


2. With compensator path removed, but 
with its pick-off and feed-in points noted, 
rearrange block diagram so that feed-in 
and pick-off points become input and out- 
put, respectively. Reduce this diagram to 
a single equivalent block as in Fig. 1 (A), 
(B), and (C). 

8. Connect compensator to pick-off and 
feed-in points, thus forming a single-loop 
block diagram as in Fig. 1(D). 


4, Design compensator by using conven- 
tional cascade compensation methods. 


This technique is applicable to linear 
systems of any complexity, with the 
compensator itself either linear or non- 
linear. No change in conceptual ap- 
proach is required if applying this method 
to certain classes of nonlinear systems, 
but there will be unavoidable increases 
in labor. 


Second-Order Systems 


TACHOMETER FEEDBACK COMPENSATION 


For compensating lightly damped in- 
strument servos, tachometer feedback is 
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bitrarily, then K; is evaluated from the 


commonly used as illustrated by Fig. 
2(A), where the motor-load unit is as- 
sumed to be of second order. Block-dia- 
gram manipulation produces Fig. 2(B), 
for which the root-locus plot is as shown 
in Fig. 2(C). Adjustable gain is K;, the 
tachometer constant, on this plot. An 
increase in K;, drives the roots from the 
poles, increasing the damping but leaving 
@n unchanged. 

The ordinate and abscissa of this 
root-locus plot may be nondimensionalized 
to form a universal nomograph for 
tachometer compensation design? of static 
positioning systems. Instead of resort- 


ing to a nomogram, however, Appendix 


I shows that 


= 2fwon—p 
KoKm 


Ky (1) 
where Ko, Km, p, and w, are defined 
by the uncompensated system, and ¢ is 
specified by the desired root location. 
Two ways of using this equation are 
apparent. Given the values for motor 
pole and gain, and with the threshold 
error specified, the required loop gain 
KiKoKm is determined. If the gain 
division into K, and K2Km is made ar- 


equation and tachometer circuit designed. 


Km 
S(S+P) 


(po) Root /Locus 


Fig. 3. Acceleration feedback; exact an: 
approximate 


A—Block diagram 

B—Equivalent single loop 

C—Root locus for Kas?, or for Kas?/(s-+p 
if p>>p 

D—Root locus for Kas?/(s++p1) if pi<<p 


Km 
S(S+R)(StP2) on 
S(S24+2SunS tune 


2 KaS2 
KtS or KaS or S+P3 
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On the other hand, if a tachometer of 
known K, is used, the equation permits 
evaluation of K:K and thus specifies the 
gain subdivision which permits use of 
full K,, or any selected fraction thereof. 
For example, if K,=200, p=23, and 
threshold accuracy requires that K,K2Km 
=10°, then it may be decided arbitrarily 
that K,;=100 and K.K,=10*. In this 
case, for a compensated system with ¢= 
0.7, the gain must be 


ee a ee ae 
ae ese 103 


On the other hand, if K; is 0.32 volt 
per radian per second, and this full value 
is used, then the necessary gain sub- 


division in the forward path is found by 
noting that 


_eon—p _2(0.7)108/2—23 


KoK = 1,310 
ia SR ol 0.32 
Rikeme © 10° 
Ks = =76.3 
ak 1310 
1,310 
Ky= =6.5 
O00 


ACCELERATION FEEDBACK 
COMPENSATION 


Since tachometer feedback increases 
lag error in following a ramp, acceleration 
feedback is often used to damp transient 
oscillations of second-order systems. The 
basic block diagram, Fig. 3(A), after 
manipulation, takes the form of 3(B). 
Two transfer functions are shown for the 
compensator, 

Kys? 
for pure acceleration feedback, and 


Kas?/(s +1) 
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Fig. 4 (left). Third-order 


systems 


A—Block diagram 

B—Root locus for tachometer 
feedback 

C—Root locus for acceleration 
feedback 

D—Root locus for approximate  (B) 

acceleration feedback 
E—Root locus for feedback 
Kis(s?-++-as+) 


h 
yeu (st+puXs+Pps) 


Fig. 5 (right). A fourth-order 


system 


A—Block diagram 

B—Equivalent single loop 

C—Root locus for G.=K 

D—Root locus for Ge=Kes/ 
(s+d) 


for the commonly used tachometer fol- 
lowed by a lead network. 


Note that approximate acceleration feed- 
back (using the filter) actually provides 
much better control of dynamic perform- 
ance than pure acceleration feedback, 
if the pole is suitably located. Fig. 3(C) 
shows the root locus for pure acceleration 
feedback. Damping ratio ¢ cannot be 
improved, although decreased bandwidth 
is possible. If the tachometer-filter com- 
bination has the pole far out on the 
negative real axis, little improvement is 
available. But, with the pole near the 
origin, the root locus, as seen in Fig. 3(D), 
permits improved damping with large 
or small w,, depending on the amount 
of feedback gain. Although the latter 
placement of the pole introduces a real 
root near the origin for small gain, the 
compensator pole is a zero of the system 
function. For a compensator pole less 
than 0.15 times the motor pole, this zero 
effectively cancels the residue at the real 
pole if the feedback gain is small enough 
to keep the complex roots on the outer 
semicircle. If the gain is large enough to 
place complex roots on the inner circle, 
the real root is large enough to neglect. 
In either case, second-order response ob- 
tains; there is no tail to the step response 
due to the presence of the real root. 


For the case of acceleration feedback 
using the function 


Kas?/(s+f1) 


another simple design nomograph* can be 
constructed which is applicable to most 
cases of interest. For acceleration feed- 
back, also, an equation is available for 
computation of feedback gain (see 
Appendix IT): 
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K; Ko S(S+C) 
sla+ alata Su 


Gc* FILTER 


| (d) f! 
| 
| 
; | | 
| pond 
| | 
| | 
| | 
| 
> 
= | 4 2KiKaKn | 
“-keK,,| on P-pi ap ae | 
app, PKiKeKn(a—b)] 
= ae 2) t 
Onf wns? ; 1 
. a 
where wn, is the natural frequency of the 
final or compensated roots, . ; 
q 


is the real part of the root value and the 


other symbols are defined in Fig. 3. 
This equation reduces to a simpler form 
if the desired root is to be located on the 


outer circular are of Fig. 3(D) 


i. 

; 

1 { 
es ; 
> 


terms may be dropped, since they are © 
small when w,, is large, giving 


These equations are readily applied. 
Assume that the system previously con- 
sidered is to be compensated with approxi- 
mate acceleration feedback instead of 
tachometer feedback. Then, for roots 
on the outer semicircle ; 


ong=V Ki KiKm=V 10° =316; K2Km= 103; 
p= 23; 

choose pi=2.3; (=0.7; therefore 

a=216/./2=223. 


_2awny—p 446 —23 


Ka 
K2Km 103 


| 


= 0.423 


On the other hand, if the system band- 


NOVEMBER 1961 


vidth is to be reduced, the exact equa- 
ion must be used, and these values apply 


KKK m= 10°; K2.Km= 103; p=23; 


choose #i:=6; then for ¢=0.7, a=b=6, 
nd wrr=6+/2. It follows that 


1 


a= 03 


x 


ab 6X 10° 
36/2 —23 —6 
| i ‘ 6X2 i 


6X2 


=10~8[36./2 —29+0.7X 10°+0.7(138)] 
=700 (4) 


(6)(23)(6) o| 


Note from this illustration that a good 
approximation exists when K,K.K» is 
large and w,; is on the inner circle 


Ka=akKi/wny (5) 
Third-Order Systems 


Most control systems are at least of the 
third order, even if the real root may be 
large enough to neglect, in which case 
approximation by second-order-system 
calculations may be adequate. When 
the real root is not large, analysis of feed- 
back compensator effects is greatly aided 
by the technique under discussion. Fig. 
4(A) shows the block diagram for a case 
where the loop-transfer function of the 
minor loop contains all poles of the for- 
ward-transfer function; i.e, the com- 
pensation signal is fed back around 
all poles of the forward path. 

Forward-path poles may be either real 
or complex. For the high gains usually 
required, complex roots are normally in 
the right-half plane. Figs. 4(B), (C), and 
(D) are root-loci sketches for different 
feedback compensators. Clearly, pure 


acceleration feedback will not work; 
tachometer feedback may work if the 


‘| 1+G; GpG3 Ga 
(D) 
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asymptote is in the left-half plane, but 
then the real root will probably dominate. 
Approximate acceleration feedback may 
also work if the asymptote is in the left- 
half plane, in which case a pair of com- 
plex roots with relatively low w, probably 
can be made to dominate. 

None of these compensation schemes 
is satisfactory for a variety of applica- 
tions. Much time is saved, therefore, if 
the manipulation technique is used in 
a preliminary examination of all suggested 
compensators to eliminate unsuitable 
schemes. Fig. 4(E) shows a scheme 
where the feedback function generates 
suitably located complex zeros, allowing 
better placement of the complex roots. 
Whether the roots can be made dominant 
or not depends on numerical values in- 
volved and on the specific system 
function obtained. 


Higher-Order Systems 


This manipulation technique may be 
applied to linear systems of any order. 
Choice of compensation path depends on 
application, but the path need not enclose 
all forward-path poles. This leads to pole- 
zero configurations with numerous zeros. 
The choice of compensator, while re- 
stricted by steady-state specifications, 
may be aided by inspecting the uncom- 
pensated root locus. 

Fig. 5(A) is the block diagram of a 
fourth-order positioning system, for which 
the proposed compensation is attempted 
by feeding back the motor-armature volt- 
age through a filter. Fig. 5(B) is the 


Fig. 6 (left), Linear com- 
pensation of a nonlinear system 


A—Block diagram, compensa- 
tion feedback around non- 
linearity 

B—Equivalent single loop 
C—Block diagram, compensa- 
tion feedback around linear 
elements only 
D—Equivalent single loop 


(B) 


(C) 


Fig. 7 (right). Nonlinear 
compensation of a linear system 


A—Block diagram 
B—Equivalent single loop 
C—Root-locus diagram 
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manipulated block diagram and Fig. 5(C) 
shows the root locus for the feedback loop 
connected with G.=K but without filter. 
The connection obviously would stabilize 
the system, but would disturb the steady- 
state velocity-lag error. Fig. 5(D) shows 
the addition of a filter with transfer func- 
tion K;s/(s+d), which provides a possible 
compensator, but may not permit satis- 
factory root location. The next step is 
to try a more complicated filter, perhaps 
with complex zeros. Or, a new compensa- 
tion path may be indicated. 


Nonlinear Systems 


If a system is nonlinear and linear feed- 
back compensation is to be used, analysis 
and design may be accomplished using 
the describing function representation of 
the nonlinear component. Block diagram, 
Fig. 6(A), shows a system wherein the 
compensator G, feeds around the non- 
linearity Gp. After block-diagram manip- 
ulation, the equivalent single loop is as 
shown in Fig. 6(B), and algebraic manip- 
ulation provides the stability relationship 


Gs(Ge+GiGr) = —1/Gp (6) 


In like manner, Fig. 6(C) shows a system 
with nonlinear element outside the com- 
pensating loop; Fig. 6(D) is the equiva- 
lent single-loop diagram, and again the 
stability relationship is produced by 
algebraic manipulation 


Unni iGrGe 
ees 7 
pot FOG @ 


Ae ee Kg gee eee 
S(S+P) + KjKoK 
| 
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Equation 6 and equation 7 may be ana- 
lyzed for stability by Nyquist methods or 
by the root-locus method if the describing 
function is amplitude-sensitive only. 


If nonlinear compensator Gp, is used 
with a linear system, then this technique 
is particularly helpful. Fig. 7(A) is 
the block diagram of a second-order servo, 
which is lightly damped to provide fast 
rise time and small velocity-lag error. If 
heavy damping is needed for large dis- 
turbances, tachometer feedback through 
a nonlinear amplifier can be used. The 
nonlinearity is adjusted to give propor- 
tionate feedback gain—high for large 
disturbances; low or zero for small. 
Using the equivalent single-loop diagram 
in Fig. 7(B), and the root locus in Fig. 
7(C), it is easy to design the nonlinearity 
with small-disturbance roots at K;Gnu, 
and with large disturbance roots at 
K 1G po. 


Conclusions 


Design of feedback compensation to 
control root location, which, in turn, con- 
trols stability and dynamic performance, 
can be reduced to an equivalent problem 
in cascade compensation by a simple 
manipulation of the block diagram. In 
conjunction with this, the root-locus 
method provides a particularly convenient 
means of analysis and design. These 
methods permit derivation of such simple 
equations as for the tachometer, and also 
simplify the logical choice of compensa- 
tion paths and compensators for complex 
systems. 

As some nonlinear systems also may be 
treated with this technique, nonlinear 
compensator design thus may be made 
easier in such cases. Linear compensa- 
tor design for nonlinear systems is feasible, 
too, and labor is reduced in the process 
when considered in comparison with 
other methods. 


Appendix | 
Derivation of Tachometer Feedback 
Relationships 
From Fig. 2(B) 


K2Km 
—___—*" __ )=-1 
se ee oe 


s(s +p) +KiK2Km 
YG a | 8 
t ( KiKns (8) 
Let the desired root be at s=(—a+jb)wn, 


and note that a?+b?=1. Substitute for 
s, and consider only the real part of the 
result, since K; is a real number 
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[won®(1 +a? —b*) —apeon] (—a) + 
b2 (pon —2aw,,?) 
os ies K2K moon (a?-+0?) 
2a%wn? +2ab 2m? —a* pon —b* pwn 
a KoKmwn 
_2aen—b _2en—P (1) 
KeKm KoKm 


where a=¢ since —dw,=—fwn is the 


real part of the root number. 


An alternate and even simpler derivation 
obtains from the characteristic equation: 


s?+(KokmK itp)st+KikoKm=0 (9) 
and 
KiKimKit+-2 = 2ton (10) 
thus 
2ton =P 
= 1 
Ky KoKn ett) 
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Derivation of Acceleration Feedback 
Relationships 


From Fig. 3(B) 


KaK2Kms? en 

(st+p1)(s?-+ps+KiKeKm) 

eet (s+hi)(s? +s + Ki KoKm) (11) 
KK ms? 


Let s=(—a-+jb)wnz, where wyyz is the final 
or selected natural frequency for the 
complex roots. Substitute, expand, and 
consider the real part only 


1 
UG, as ai ( on? —fit 
(Ki KK m +hpi)a _ Ki KK mpi(a?— 6?) 
(a?+82)wnz (a? +b2)wn*f 
(12) 


but a?+6?=1, thus 


1 aK, KK. 
1S KiKn Ze (weno Pie vane ena 


app, p:KiK2Km(a?—b?) 
Sn ae oe 
Onf @nf 


Ki, Ko, Km, p, and 1 are known from the 
system components, while a, 6, and wns 
are specified by selecting the desired root 
location. If it is on the inner circle of 
the root locus, then the foregoing equation 
must be used; if on the outer circular arc, 
Ki K2Km =anz? so that 


PS eee (awn —pb—pitaonys+ 


eee 


(g?— 2) (3) 


which indicates that 1, :1(a?—b?), and 


appi/wnr are small and may be neglected. - 


Then 


1 
K,2—_——_ = 
aK, Cren—b) 
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An alternate derivation of the latter equa 
tion is 


KyK2Km+p+hi= 2 roots=2awny+rs (13) 
from which is taken 


ee +13 —pi aa) 1 

K2Km = | 
For 32261, with both ; and rs small ani 
wngs large, this readily reduces to the fore- 
going unnumbered equation. By combining - 


equations 14 and 2, an exact expression foi 
the real root location is given. 


bs 
aKiKeKm , appr | 
t= —dwngt Ny Lee | 
PK K2K m(a? —0*) (1s). 
wn2s 


Combining equations 14 and 3 gives a 
approximate value 


13—=P1 (2 -a-401) 
nf 
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. 
Discussion 


Thomas J. Higgins (University of Wis- — 
consin, Madison, Wis.): This paper gives — 
an easily grasped account—from the root- — 
locus approach—of procedure for analyzing — 
control systems whose steady state and 
transient performance may be improved 7 
by inserting a compensating network in ] 
the feedback rather than the forward link 

No textbooks on basic control theory now 
in print contain similar content, although | 
stich information should be enfolded in 
every introductory study course utilizi 
such a text. ‘ 
_ The authors haye filled a gap in both 
educational and practical aspects of basic _ 
control engineering theory. Their clear 
exposition, well-buttressed by numerical 
examples, illustrates the ways in which ~ 
basic theoretically derived relationships — 
are applied.. 


J. J. D’Azzo and C. H. Houpis (Air Force 
Institute of Technology, Wright-Patterson 
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Air Force Base, Ohio): The technique 
presented in this paper is a definite contribu- 
tion in the area of feedback compensation. 

Some comments in the opening paragraph, 
however, regarding reference 2, are in- 
correct. Sections 14-8 and 14-9 of that 
textbook explain a feedback compensation 
technique (Method 1) with a systematic 
approach and limited general usefulness. 
Some insight also is provided into feedback 
compensator suitability. 

The method presented in the text has 
two advantages over that given in the 
paper: 


1. Output and input points are main- 
tained. 


2. The selected compensation’s effect 
on gain, and therefore on steady-state 
acctiracy, can be determined with greater 
ease. Both methods are handicapped in 
that they may require the solution of a 
third- or higher-order polynomial. Using 
the technique described in the paper, 
polynomial complexity depends on the 
original system’s complexity. Combining 
this system into one transfer function with 
factored numerator and denominator can 
be tedious. Polynomial complexity de- 
pends on feedback compensator complexity 
when using the referenced method, and 
this, likewise is undesirable. 


W. C. Schultz (Cornell Aeronautical Labora- 
tory, Inc., Buffalo, N. Y.): The authors 
apparently have a good scheme for quickly 
determining the preliminary design of a 
feedback compensator network. This con- 
clusion is citcumscribed by the word 
“apparent,” since the procedure is not 
clearly outlined. Hence, this question: 
How does the new technique differ from 
that proposed earlier by Ross, Warren, 
and Thaler?! The value of both papers 
might be increased if some statements, 
and possibly examples, were given on how 
to use both methods in combination. 

A second question concerns implied state- 
ments that this method is generally ap- 
plicable when nonlinearities are encountered. 
A bit more caution would seem necessary 
if dealing with nonlinear rather than linear 
systems. Would the authors please com- 
ment on this point? 


REFERENCE 


1. Dersicn oF SERVO COMPENSATION BASED ON 
THE Root Locus Approacu, E. R. Ross, T. C. 
Warren, G. J. Thaler. AJEE Transactions, pt. II 
(Applications and Indusiry), vol. 79, Sept. 1960, 
pp. 272-77. 


G. J. Thaler, J. D. Bronzino, D. E. Kirk: 
We thank Professors Higgins, D’Azzo, 
and Houpis, and Dr. Schultz for their 
interest and discussions, and the latter for 
his additional comments in conversation 
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and correspondence, which led to some 
significant modifications in our wording. 

Surprisingly, the concepts in this paper 
have not been exploited heretofore, even 
though, as Professor Higgins points out, 
the material is basic and important. Cer- 
tainly we shall incorporate it in introductory 
control courses. 

With regard to comments by Professors 
D’Azzo and Houpis and Dr. Schultz, we 
feel that somehow an erroneous impression 
has been conveyed; that is, that our 
research has uncovered a design procedure 
which can be specified, step by step. This 
is not correct, and we are sorry if any 
misunderstanding has arisen. We de- 
liberately used the word “Technique” in 
our title. The paper itself is primarily 
descriptive of block diagram manipulation 
as a short-cut way of reducing feedback 
compensation problems to cascade com- 
pensation problems, thus permitting applica- 
tion of any well-developed cascade com- 
pensation procedure, 

The technique does not select the best 
feedback path or type of compensator 
(except by trial and error), nor does it 
propose any specific form of numerical or 
graphical calculation. In our experience, 
the trial-and-error analysis (leading to 
selection of best paths and best compensa- 
tors) has been most convenient and illumi- 
nating when the root-locus method is used. 
This is a personal preference, however. 
Bode diagrams will do the same job and 
may be favored by many designers. With 
either tool, the first step is to analyze the 
uncompensated system and determine 
whether or not compensation is needed, 
and if so, to what extent. 

Results of such analyses are not discarded, 
but are put to further use in conjunction 
with our technique. The “equivalent single 
block,’”’ to which the uncompensated system 
is reduced by block-diagram manipulation, 
is always the closed-loop system function, 
multiplied by some quantity (constant or 
transfer function). Thus, if a root-locus 
analysis has been used originally, the 
uncompensated system’s roots are the 
poles of the equivalent block, and the zeros 
(if any) must be calculated. The com- 
pensator block merely represents additional 
poles and zeros which are arbitrarily placed 
at selected locations to force the com- 
pensated system’s roots to lie where we 
want them. Thus, sketches may be used, 
and the compensator poles and zeros 
moved around until the root locus looks 
satisfactory. This merely establishes the 
TYPE of compensator; thereafter, numeri- 
cal design proceeds as usual with standard 
tools. If the original analysis used Bode 
diagrams, the “equivalent single block” 
represents closed-loop frequency response, 
multiplied by some function, and the re- 
sultant Bode plot is easily computed. 
The compensator block is just a cascaded 


Thaler, Bronzino, Kirk—Feedback Compensation: A Design Technique 


transfer function, and all Bode diagram 
design techniques apply. 

As to specific comments by Professors 
D’Azzo and Houpis, the illustration in 
their textbook deals with pure tachometer 


feedback around a third-order motor, and — 
there is an amplifier (gain only) between — 


the error detector and the point at which 
the tachometer signal is added. Their 
method is to formulate the characteristic 
equation and rearrange it into the form 
1+ F(s)=0 where F(s) is chosen so that a 
parameter (K; in this case) is conveniently 
located in the numerator. The original 
input and output terminals are retained 
because the denominator of F(s) is the same 
as that of the uncompensated loop G(s). 
In comparison with the tachometer feed- 
back illustration in the paper, the D’Azzo- 
Houpis manipulation has some advantages. 
However, our tachometer feedback illus- 
tration was merely an example of applying 
the technique. If the amplifier in the 
D’Azzo-Houpis system contains a filter, 
or if the compensator is not pure tachometer 
feedback, but also contains a cascaded 
filter, then their approach does not neces- 
sarily retain the original input-output 
points, nor does it isolate the tachometer 
Kz conveniently. Certainly it is not of 
assistance in choosing values for the pole — 
and zero in the filter compensator. On 
the other hand, the technique developed 
in the paper retains the compensator block 
as a cascade unit and offers insight into the 
problem of compensator design. 

With regard to Dr. Schultz’s first ques- 
tion, this is easily answered in view of the 
preceding discussion. The Ross-Warren- © 
Thaler procedure complements the tech- — 
nique developed in this paper. After select- 
ing compensator path and type by the 
technique explained in this paper, the Ross- 
Warren-Thaler method may take over the 
task of carrying out the numerical design. 

Dr. Schultz’s second question is more 
difficult to answer. First, root-locus meth- 
ods probably will not be as useful in non- 
linear as in linear cases, despite the fact 
that they do apply nicely to the illustration 
in the paper. Frequency-response methods 
are likely to be more effective in general. 
Second, if the nonlinearity is in the com- 


pensation path, or if the compensator itself — 


is nonlinear, the technique applies in the 
usual manner and we are aware of no re- 
strictions or difficulties except those usually 
encountered in describing function work. 
In general, when the nonlinear element is 
in the uncompensated system and in some 
path other than the compensator path, 
then the proposed technique merely serves 
as a means of deriving the transfer function 
equations and not much more. In some 
cases the result may assist in the compensa- 
tor design, and in others it may not. Many 
additional explorations could be made in 
this area. 


Can Electric Actuators Meet Missile 


Requirements? 


G. C. NEWTON, JR. 


MEMBER AIEE 


NE OF THE vital components of a 

missile is the device used to posi- 
tion the thrust directors or control sur- 
faces. In addition to satisfying rather 
stringent dynamic performance require- 
ments, this device must be highly re- 
liable. Missile designers favor hydrau- 
lically operated actuators because of 
their high dynamic performance capabili- 
ties, relatively low weight, and small size.! 
However, the hydraulic actuators have 
still not reached the desired reliability be- 
cause of sensitivity to dirt particles and 
other factors. 

A number of other approaches have 
been considered for missile control sur- 
face actuation in addition to hydraulic 
actuators. Clutch-type | servomechan- 
isms have been developed but subse- 
quently abandoned because of unsatis- 
factory reliability. A number of gas- 
operated fluid power systems have been 
considered and some of these are under 
development.!. Among these is a gas- 
operated reaction-jet servomotor.? Po- 
tentially this device may offer better 
reliability, although its dynamic perform- 
ance capabilities do not appear to be too 
promising. 

Another alternative to hydraulic actua- 
tors is the electric motor. With the ad- 
vent of solid-state control devices for elec- 
tric energy, it should be possible to de- 
velop a highly reliable servo system for 
control surface actuation based upon an 
electric motor drive.* However, up to the 
present time, electric motors of accept- 
able sizes and weights have been unable 
to meet the dynamic performance require- 
ments of these applications. 

This paper examines the theoretical 
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feasibility of developing unconventional 
electric devices that can meet the im- 
posed performance requirements of missile 
control surface applications. First, the 
performance parameter that is most defini- 
tive in determining the fitness of an elec- 
tric motor in a high-performance applica- 
tion is identified. This parameter is the 
torque-squared-to-inertia ratio or power 
rate of the motor. Next, the power rate 
requirements of typical missile applica- 
tions are established and it is shown that 
conventional motors of reasonable size 
and weight are unsatisfactory. This leads 
to an examination of the theoretical limit 
on the power rate of moving-conductor 
d-c motors. It is found that it is possible, 
theoretically, to build an electric actuator 
that will meet missile requirements. 
Fortified by this result, a tentative design 
of a servomotor is set forth. The paper 
closes with a brief examination of the 
prospects for a reluctance-type motor in 
missile applications. 


Power Rate as a Motor 
Performance Parameter 


Fig. 1 shows schematically a servo- 
motor connected to its load through gear- 
ing (or linkage). In order to answer the 
following questions: 


1. What is the proper gear ratio R that 
should be used between the motor and load 
in order to minimize the size of motor re- 
quired? 


2. What is the minimum motor size that 
can be used? 


certain assumptions must be made con- 
cerning the motor, load, and gearing. 

The motor’s controlling system is as- 
sumed to be capable of compensating for 
dynamic lags in the buildup of motor 
torque so that dynamic lags do not have 
to be considered in the determination of 
the motor size. The motor is assumed 
to have limits on the maximum torque, Ty, 
and on the maximum angular velocity, vy, 
that it can produce. Furthermore, it is 
assumed that the peak torque and maxi- 
mum velocity are not interrelated. That 
is, the motor is assumed to be capable of 
producing the peak torque at any velocity 
including maximum as well as zero veloc- 
ity. This is not an unreasonable assump- 
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itself. 


tion with suitable control, since the torque 
limit is related to magnetic saturation, 
In addition to the velocity and torqi 
limits the motor is assumed to be char-: 
acterized by a moment of inertia, Jy. ' 

Several simplifying assumptions 
made with respect to the load and gea 
ing. The load is characterized by a peak 
torque requirement, T,, a peak oa 
tion requirement, az, a peak velocity re-: 
quirement, vz, and a moment of inert aw 
J,. It is assumed that the required loa ud 
accelerations are independent of the load 
torque and velocity. Thus, the p 
acceleration can be demanded at velo i- 
ties very close to the peak velocity. 
is assumed that the gearing has | 
kinetic energy in relation to the com-) 
bined kinetic energies of the motor and 
load; thus, the inertia of the gearing may § 
be ignored or accounted for by slight | 
modifications of the motor and load in-| 
ertias. In other respects, such as com- 
pliance and backlash, the gearing is as-i 
sumed to be ideal, which means that iti 
can be characterized by a single parameter | 
namely, the gear ratio, Rg, which is larger | 
than one when the motor velocity is larger | 
than the load velocity. 

Starting with these assumptions it is 
seen that there are two basic relations: 
which must be fulfilled if the motor | 
be capable of driving the load: the motor! 
velocity capability must be equal to or: 
greater than that required by the loge 
thus, - 


vu = Rett 


and the motor torque capability must 
ceed the peak torque required by the lo 
after allowance has been made for thes 
torque required to accelerate the motor’ 
In terms of the previously define 
symbols this may be written as 


Jra,+T, 


Tu=JuReart+ 
Re 


On the basis of these two relationships 
Newton‘ discussed how the requ 
motor size for driving a specified load 
always be determined where either one or 
both of the conditions are effective co 
straints in establishing the motor siz 
From the results of this paper it can 
shown that the second relation goverms 
motor size when the ratio of the pe 


ou 
GEARING 


Fig. 1. Motor coupled to load through gea 


ing 
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Table |. Representative Actuator Requirements for Flap-Controlled Missiles 


_ Requirement A Requirement B 
Inertia of flap assembly............. 0.68X10-3k 2k = 
; up assembly.... 6.2.00... ... cee, F grin 2F A ish .axaek ein 1.09 X10-%kg-2m* 
Maximum hinge moment SOO ODmIGn Sonat ncicisicnn 102 newton-meters................. 51.5 Acop tna ere 
Maximum hinge aecelerationi.? aan ccc ce 1, L0Owxad/seca2taneen teen ee ane 625 rad/sec~2} 
Baeximitin Hitge Tate. oo occ. seco ceecosSev eee cs 20 tad/Setes fern. esa. eee: Beil 10 rad/secF 


* kilogram-meter. 
{ radians per second. 


motor velocity to the peak unloaded motor 
acceleration equals or exceeds by one half 
a corresponding ratio for the load. That 
is, if 
Um) u 1 UL 
>= —— 

Tx aaa, an (3) 


then relation 2 determines the motor size 
required to drive the load. For electric 
motors driving missile control surfaces 
the load acceleration requirements usually 
are such that condition 3 is fulfilled. In 
the remainder of this paper this is assumed 
to be so. 

With condition 3 satisfied so that rela- 
tion 2 governs the motor size, it is known 
that the motor characteristic which meas- 
ures its capabilities for driving the load 
is its torque-squared-to-inertia ratio. 
This can be seen from relation 2 by find- 
ing the gear ratio, R, which minimizes the 
motor torque required. This optimum 
gear ratio, found by minimizing the right 
member of relation 2 with respect to Rg, 
is given by 


Jrar+T 
Revopt) eth (4) 


Jua, 


This gear ratio may be thought of the one 
that matches the motor to the load im- 
pedance. Substituting this optimum gear 
ratio into relation 2 shows that the peak 
torque the motor must have, if the motor 
is to be capable of driving the load, is 
given by 


Tu>2V (Jran+T1)Juar (5) 


The minimum permissible peak motor 
torque results when the equal sign in this 
relation holds. 
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In order to obtain a relation without 
motor parameters on the right side, condi- 
tion 5 is written as 


Py>4(Jrar+T rar (6) 
where 

F Ty? 

Pys—* 7 
Sere (7) 


The torque-squared-to-inertia ratio of 
the motor is the product of the peak motor 
torque and the peak motor acceleration 
under no-load conditions. Thus, the 
torque-squared-to-inertia ratio is a power 
rate and is therefore indicated by Py. 
Relation 6 shows that the peak power rate 
of the motor must be four times the peak 
power rate of the load, or greater, for the 
motor to be capable of driving the load. 
Harris,> among others, has pointed out 
the significance of the torque-squared-to- 
inertia ratio or power rate as a servo- 
motor parameter. 

To answer question 2, the peak power 
rate, given by the right side of relation 6, 
is computed for the load and multiplied 
by a factor of 4, which establishes the 
least value of peak power rate the motor 
may have in order to drive the load. 
From tabulated data for lines of motors, 
the motor which meets the required power 
rate can be selected. Then the gear ratio 
can be determined by relation 2 by re- 
placing the inequality sign with an equal 
sign, and an upper and lower limit on the 
gear ratio, which may be used in coupling 
the selected motor to the load, is found. 
There will be a wider range of possible 
gear ratios as the margin by which the 
power rate of the motor exceeds the mini- 
mum required power rate increases. 


Actuator Requirements and 
Performance Levels of 
Available Motors 


The limitations of conventional motors 
used as missile actuator can be demon- 
strated by considering the two sets of 
actuator performance requirements, for 
high-performance flap-controlled missiles, 
listed in Table I. 

To determine the required actuator 
power rate, the actuator load may be 
considered to be an inertia and a load 
torque (hinge moment). The hinge 
moment of a control surface for a given 
vehicle velocity generally is an increasing 
function of the angular deflection, and 
the maximum moment tends to occur at 
maximum angle. Because maximum ac- 
celeration may be demanded in the 
vicinity of maximum deflection and maxi- 
mum angular rate, the hinge moments 
quoted in Table I are the maximum antici- 
pated values. In both cases shown in 
Table I, the maximum hinge rate is suffi- 
ciently low, in relation to the required ac- 
celeration, so that the assumption that 
there is no actuator speed saturation is 
justified; that is, relation 3 holds for most, 
if not all, electric motors. 

Using equation 6, the minimum required 
motor power rates for the two sets of re- 
quirements are found to be 


Py, =4[(0.68 X 10-8)1,100 +102](1,100) x 
10-=452 kw/sec (8) 


Pup =4[(1.09 X 10-8)(625) +51.5](625) X 
10-3=180.4 kw/sec (9) 


A number of conventional, commer- 
cially available electric actuators have 
been analyzed with respect to power rate 
at the high overload condition correspond- 
ing toa 4% duty cycle. (The power rate 
increases with decreasing duty cycle.) 
The results of this analysis are sum- 
marized in Figs. 2(A) and 2(B); these are 
plots of power rate as a function of con- 
tinuous horsepower rating and motor 
weight. Requirement A is met by two 
of the considered actuators, namely, the 


POWER RATE (KW SEC!) 
3 


0. I 
(A) CONTINUOUS HORSEPOWER 


o G.E. KINEMATIC SERIES 
4 GE. D-C SERVO 5BC48AB NUBATED:© . seit > wre ee 
oO G.E.D-C SERVO S5BBY29YA ress 
= 9 G.E.D-CSERVO SBBY49YA 
te © PRINTED MOTORS D-C SERVO 
lw © INLAND TORQUE MOTOR (2X oa 
= RATED CURRENT) REQUIREMENT 
< 
to 100 
& Fig. 2. Power 
e rate versus (A) 
re continuous 
power rating and 
(B) weight of 
ms io = Hu typical _—_servo- 
©) (8) MOTOR (WEIGHT IN POUNDS) motors 
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Table Il. Comparison of Actuators Meeting 
Requirements A 
Power 
Rate, Weight, I?R Loss, 
Motor Kw/Sec™! Pounds Kw 
TYfe-hp iiss 6 221 1310105 Gx pecs 240 7.30 
VOR ph eee 622 Aas seen S95. eee 14,60 


71/- and 10-hp (horsepower) General 
Electric kinematic motors which are 
compared in Table II. For missile 
applications, actuator weight must be 
minimized, and thus, it is obvious that 
the 71/:hp General Electric kinematic 
motor is the lightest one that will meet 
the dynamic performance specification. 

The conclusion, drawn from this study, 
is that the motor weight is too great in 
relation to hydraulic apparatus. The 
combined weight of the three motors for 
the required three actuators, in this ex- 
ample, is 720 pounds exclusive of control 
circuitry and power source. A complete 
hydraulic system needed to perform this 
same function weighs approximately 50 
pounds including control circuitry and 
power source. A lesser, though still 
significant, contrast in weight between 
electric and hydraulic systems exists for 
requirement B. This is because the 1/3- 
hp General Electric seryomotor is the 
lightest motor that can meet the less 
stringent requirements and this device 
alone weighs 25 pounds. In view of these 
findings it is important to determine 
whether electric devices of suitable weight 
are, or are not, intrinsically capable of 
achieving the necessary power rates for 
missile applications. 

This is discussed in the next section 
for a particular type of motor. 


Theoretical Limit on Power Rate of 
Moving Conductor Actuators 


Before rejecting electric motors for mis- 
sile actuator applications it is desirable to 
explore the theoretical limit on the power 
rate of such devices as a function of size. 
At present it is impossible to discuss such 
performance limits in general terms; 
however, for particular types of electric 
motors limits on power rate can be deter- 
mined. This section will consider motors 
with moving conductors of the d-c type. 
For d-c motors, the two following ques- 
tions must be answered: 


1. How should the motor be proportioned 
in order to produce the maximum power 
rate for given size? 


2. What is the maximum possible power 
rate for given size, or conversely, what is the 
least size the motor may have fof a given 
power rate? 
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The shell-type motor, shown in Fig. 3, 
consists of an armature in the form of a 
hollow shell which revolves around a 
stationary ferromagnetic core. Field flux 
through the poles is provided by an ex- 
ternal magnetic circuit which is not 
shown. It is assumed that the magnetic 
circuit is capable of producing a field flux 
density, By, under the poles. The air 
gap, which is larger than in conventional 
motors, is assumed to be sufficiently small 
so that a substantially uniform flux den- 
sity exists under the poles. The armature 
shell is assumed to have ameanresistivity, 
pr, and a mean density, pm. These values 
account for conductor insulation and 
structural materials used to bond the con- 
ductors into the shell form. 

Utilizing these assumptions, the anal- 
ysis in the Appendix shows that the 
power rate of the motor is proportional 
to the armature J?Rloss, Pg. Specifically 


2 
tan( 5) (oa) 
aras/ \PuPrR 


where a, is the fraction of the shell under 
the field poles, az the ratio armature total 
resistance to the shell resistance, and a; 
the ratio of armature total inertia to the 
shell inertia. Since these quantities 
cannot be varied appreciably from one 
motor design to another, it is concluded 
that the motor power rate is substantially 
independent of the motor dimensions for 
a given power loss in the armature. 

In answer to the first question using 
equation 10, the motor proportions have 
very little influence on the power rate 
that can be had from a motor of a given 
size. This result contrasts sharply with 
the accepted practice in the design of 
servomotors having a small armature 
diameter-to-length ratio. The result of 
equation 10 shows that the important 
parameter defining the capability of a 
servomotor, namely, its power rate, is 
independent of the armature diameter 
to length ratio and depends only upon the 
power dissipated in J?R losses in the arma- 
ture. 

Fig. 4 shows power rate as a function of 
armature J?R loss for a number of com- 
mercially available d-c motors. The line 
drawn through the scattered points illus- 
trates that the power rate tends to in- 
crease as the 1.105 power of the J?R loss 
rather than as the first power as predicted 
by equation 10. . However, in view of the 
variety of motors plotted in Fig. 4, the 
agreement is better than one could reason- 
ably expect. It is also interesting to note 
that 46 seconds“! is the ratio, Py/Pp, of 
the power rate to J?R loss for a motor of a 
power rate of 137 kw/sec. This number 
is_a measure of configuration efficiency 


(10) 
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Fig. 3. Shell-type d-c motor 
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for a motor in producing power rate. 
For a shell-type motor, equation 10 
shows that a ratio, Pye/Ppr, of 72: 
seconds should be obtainable. This fig- 
ure assumes that ap=2/3, ag=2, ay=2, 
Bys=1.0 weber meter™?, py=2.71X10* 
kg-meter~*, and pr=5.66X107% ohm 
meter. The density corresponds to alum- — 
inum on the assumption that aluminum 
conductors and bonding materials o 
approximately equal density are used. 
The resistivity is twice that of aluminum 
on the assumption that only approxi 
mately one half of the shell cross section 
is conductor. An improvement in power 
rate capability for a given J?R loss of more 
than 15 through configuration improve- 
ment certainly appears worth striving for, 


a ee 


The result of equation 10 indicates that 
there is no limit on the size of a motor 
for a given power rate, providing ways 
and means are found to dissipate thé 
armature J?R losses without excessive 
temperature rise. However, armaturé 
reaction must be considered. In 
upper section of Fig. 5, the development © 
the air gap in the vicinity of one of tt 
poles is shown. The lower portion shows 
the armature reaction mmf (magneto- 
motive force) as a function of the angle 
from the pole center. The peak arma: 
ture reaction mmf occurs at the edge of © 


NN 


— 


action mmf at the pole edge will increas 
until it is excessively large in relation to 
the field mmf at this point. Althoug’ 1 
the armature reaction could be cancelled — 
by pole face windings, this is not feasible © 
in view of the additional J?R losses. ] 

In the absence of pole face windings the | 
armature reaction mmf must be limited 
in relation to the field in mmf so that © 
excessive distortion of the resultant ” 
flux pattern under the pole is avoided. 
The ratio of the maximum armature re 
action minf, Fo(max), in Fig. 5, to the field 
mmf under the pole will be designated as 
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This ratio is considered to be a de- 
_ specification and will have values 
zing from 1/2 to 1 for motors with shell- 
€ armatures under consideration. In 
analysis in the Appendix it is shown 
t the constraint on the armature re- 
on mmf is equivalent to a constraint 
he armature shell thickness, Ar. This 
straint is 


Tp" Mo” 
are Me 11 
(test —_) R(max) ( ) 


€, Mo is the permeability of free space; 
s the ratio of air gap length to armature 
ll thickness; 7, is the number of poles; 
| ay is the ratio of the armature shell 
sth to its radius. All of the other 
ibols have been previously defined. 
is, by relation 11, a lower limit is 
ced on the thickness of the armature 
ll, for a specified armature J?R loss, 
max), and a specified limitation, a,, is 
yosed on armature reaction. 

‘nother constraint on the dimensions of 
armature shell is imposed by cooling 
siderations. The armature shell must 
re a sufficiently large surface to trans- 
the J?R losses to the cooling medium 
hin the permissible temperature rise, 
ax. It is assumed that cooling occurs 
n the external surface of the armature 
y. The maximum permitted J?R loss 
st be equal to or greater than the aver- 
-I?R loss that actually occurs. Thus, 
following equation can be written 


LQs2717?2qAO (max) = odP p(max) (12) 
1 


ere U is the over-all heat transfer co- 
cient; as is the ratio of the total ex- 
aal armature surface to the shell sur- 
@; AO(max) is the maximum permissible 
perature rise of the armature shell 
itive to the cooling medium; rg is the 
an radius of the armature shell; and 
is the fractional duty cycle. This 
ation can be written as a constraint on 
armature radius as follows: 


aaP R(max) 


: Breer mies) (13) 
YW 22 VazasA0(max) 


uations 11 and 13 establish the dimen- 
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sions of the armature shell except for the 
ratio az, of the length to the radius. 
There may be some advantage, in equa- 
tion 11, in making this ratio large in order 
to reduce the armature shell thickness 
and thus reduce the length of the air gap. 
A small air gap involves a small amount 
of permanent magnet material for the 
field (or field ampere-turns if electro- 
magnets are used to establish the field 
flux). However, increasing the length of 
the armature, in relation to its radius, 
requires a longer field structure, and 
offsets, at least partially, the weight 
saving obtained through the narrower air 
gap. An exact evaluation of the optimum 
ratio of length to radius for the armature 
requires an analysis of the field design 
problem, which cannot be treated in 
this paper due to space restrictions. It 
will suffice to say that commonly used 
length-to-radius ratios in the vicinity of 2 
probably are not too far from optimum. 
Thus, the procedure for designing elec- 
tric motors for missile actuator use is now 
clear. First, the actuator requirements 
are analyzed to arrive at a requirement 
on the motor power rate (torque-squared- 
to-inertia ratio) as given by relation 6. 
Next, relation 10 is used to determine the 
value of armature J?R loss, Pr, that is 
necessary to obtain the requisite power 
rate. Third, using a selected value of 
armature shell length to radius ratio, az, 
relation 11 yields the lower limit that the 
armature shell thickness may have with- 
out excessive armature reaction. Nor- 
mally this lower limit is used unless it 
is prohibited by fabrication difficulties 
since small air gaps are desirable to 
minimize the weight of the field structure. 
Finally, the radius of the armature is 
established by means of relation 13. Ob- 
viously the size of the motor will depend 
upon the heat transfer coefficient used in 
relation 11. For missile applications it 
is necessary to obtain rather large heat 
transfer coefficients and this may be done 
by circulating a mist of liquid particles 
through the air gap. After the basic 
motor dimensions have been established, 


Fig. 4 (left). Power rate versus 
armature I?R loss of typical 
servomotors 
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oo Fig. 5 (right). Armature reac- 
tion mmf 
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the field structure may be designed using 
standard design procedures. The next 
section presents a proposed motor design 
that was developed by this technique. 


Design of a Servomotor to Meet 
Requirement A 


In this section, an example of a specially 
designed shell-type servomotor, which was 
designed to meet missile actuator require- 
ment A, is given, The parameters of the 
previous section are assumed. From 
equation 10 it was shown that Py;/Pp is 
equal to 724 sec"1. The motor power 
rate needed to meet requirement A is 
452 kw/sec. If a factor of safety is 
incorporated and the required power rate 
is taken as 500 kw/sec™!, the resulting 
maximum required armature J?R loss, 
Ve tina} is 


500 
Promax) =— 0.7 kw 


10A 
= (10A) 


The minimum allowable shell thickness 
consistent with the armature reaction 
constraint now can be found by relation 
11. Here, in addition to those parameters 
previously given: 


Ratio of shell length to radius ap=2 


Number of poles Np =2 

Ratio of maximum armature reaction mmf 
under a pole to the field mmf aq =0.5 
Ratio of air gap length to shell thickness 
ag= 1.25 


Thus, relation 11 gives 


a(0.667)2(4m X 107)? 


*| wearsoxare | 4 
(0.5)2(1.25)%(1)? 


(11A) 
and 
A? (min) =2 X 10~* meters 


The mean shell radius, 7g, is deter- 
mined by cooling considerations. The 
following parameters are applicable: 


Over-all heat transfer coefficient U=340 
watts/m2C (spray mist cooling as- 
sumed) 

Duty cycle fraction ag =0.25 


i 
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Fig. 6. Sketch of servomotor 
to meet requirement A 
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Ratio of total armature surface to shell 
surface as =2 

Maximum temperature rise A@Qmax=50 de- 
grees centigrade 


It should be noted that a 25% duty cycle, 
aq is used. This value greatly exceeds 
the 4% that was used in the comparison 
of conventional motors. With the in- 
dicated parameters, relation 13 gives 


é 1 (0.25)(700) 
°F 27(340)(2)(2)(50) 


and 


(13A) 


Ya(min) =0.02 meter 


Thus, the general motor configuration 
has been determined since shell length, 
air gap, and pole face width are all related 
to either Avg or rq by the various design 
ratios. 

A sketch of the rotor and pole piece 
of the motor is shown in Fig. 6. It can 
be shown, by conventional analysis, that 
the permanent magnet configuration will 
provide the required 1 weber-per-square- 
meter flux density (10,000 gauss). With 
200 armature conductors the brush cur- 
rent will be approximately 31.2 amperes 
at maximum torque. 

The motor, illustrated in Fig. 6, has the 
following characteristics: 


Shell moment of inertia Jm=2.18X10% 
kg-m? 

Maximum motor torque 7, =3.32 newton- 
meters 


The resulting power rate is the required 
value of 505 kw/sec™!. Therefore, the 
motor design is consistent with the load 
requirements. The ferromagnetic ma- 
terial of the design weighs only 7 pounds 
and the estimated weight of the motor, 
exclusive of cooling equipment, is less 
than 11 pounds. In a 3-actuator system, 
the weight of the cooling system and 
control circuitry should be less than 
the weight of the motors alone. Thus, an 
over-all system weight of 50 to 60 pounds 
should be achievable. This is exclusive of 
the increment in power supply weight 
needed to supply the required electric 
power. Since the hydraulic system 
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needed to meet these requirements weighs 
about 50 pounds it is evident that elec- 
tric actuators may be feasible in this ap- 
plication. 

It should be noted that if a 2.5% 
duty cycle were assumed, no spray mist 
cooling would be required for the proposed 
design. Also, requirement A is representa- 
tive of a rather severe set of actautor 
requirements. With a reduction in duty 
cycle or performance requirements, the 
weight of an electric actuator system can 
be further reduced and its competitive 
position in relation to hydraulic systems 
can thereby be improved. 


Prospects for Reluctance-Type 
Motors 


In the preceding section a specially 
designed, moving conductor, d-c motor 
was shown to have reasonably good pros- 
pects for meeting the power rate and 
weight requirements that are typical of 
missile actuator applications. The ques- 
tion arises whether this is the only type of 
motor that shows such promise. A par- 
tial answer to this question is supplied 
by briefly examining reluctance-type 
motors in which torque or force is de- 
veloped on the moving element because of 
a changing reluctance of an air gap. A 
relay is an elementary example. Fig. 7 
shows a more sophisticated type of re- 
luctance motor. An analysis of the 
theoretical limit on the power rate of this 
type of motor, similar to that conducted 
for moving conductor devices, shows that 
the ratio of power rate to I?R loss ranges 
from 10,000 to 50,000 inverse seconds. 
These figures are substantially larger 
than for moving conductor devices which 
range from 100 to 1,000 inverse seconds. 

In order to lend credence to these 
figures, data are cited in Table III for a 
commercially available torque motor for 
actuating hydraulic control valves that 
utilizes the configuration of Fig. 7. 

Unfortunately, the favorable power 
rate to J?R ratios for reluctance-type 
motors are obtained only for small air 
gaps, and therefore, for limited linear or 
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Fig. 7. Reluctance-type motor ¥ 


angular motion. To obtain conta orl 
rotation it is necessary to employ a phite 
ity of motors of this type in conjunctid 
with a mechanism for converting oseilli 
tory motion into continuous rotatiox 
This mechanism would be analogow 
to connecting rod and crank mechanisn 
used in reciprocating engines. If tht 
inertia introduced by the coupling meck a 
ism is negligible in relation to the be : 
(i 


motor inertias, it can be shown that 
two motors moving sinusoidally 90 dé 
grees out of phase, the resultant torque 
squared-to-inertia ratio or power rate < 
the output shaft will be equal to A 
characterizing the individual motors 
Thus, assuming that suitable couple ni 
mechanisms or linkage can be found, th 
reluctance-type motor should be able A 
provide the basis for an actuator of powe 
rate capability that would be quite satis 
factory for missile applications. | 
Another disadvantage of the reluctance 
type motor is the necessity of supph 
ing the individual motor elements wit! 
alternating currents of adjustable ire 
quency. In effect, a plurality of suci 
motor elements driving a common shaf 
in the manner described constitutes : 
synchronous motor. Fora typical miss il 
application, the frequencies of the su 
plied currents will range from zero 1 
several hundred cycles per second. 1 
complication of a variable-frequen 
source that is capable of supplying con 
trolled currents against back electro 
motive forces of amplitude that 
proportional to frequency, constitute 
serious handicap for this type of motor 


Table Ill. Data on Torque Motor 

Manufacturer Midwestern Geophysi 
Laboratory 

Model no. 9 

Moment of inertia Jy 64 X 10-6 inch-pound-se 

Peak torque Ty 8.33 inch-pounds 

Power rate Pu 132 kw sec} 

Peak current i¢ 40 milliamperes 

Coil resistance Re 3,400 ohms 

Coil inductance Le 7 henrys 

I?R loss PR 5.44 watts 

Ratio = 24.3108 sec 

Weight 1.2 pounds 
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Considering both the complications of 
1e mechanism required to convert 
scillatory to rotary motion and the re- 
tired variable-frequency current source, 
he prospects for reluctance-type motors 
Ir missile actuator applications appear to 
e questionable, in spite of the large 
ower rates. However, the harmonic- 
rive concept® may provide an answer 
o the problem of converting oscillatory 
o rotary motion, and therefore, in view 
f their large theoretical power rates, 
esearch will continue on actuators using 
eluctance-type motors. 


Sonclusions 


This paper has shown that the torque- 
quared-to-inertia ratio or power rate 
f a motor is the most important char- 
cteristic for determining its applicability 
s a missile control surface actuator. 
ixamination of typical missile control 
urface requirements shows that the 
equired power rates range form 100 to 
100 kw per second. 

An examination of conventional motors 
f both the ordinary and printed circuit 
variety has shown that they are incapable 
yf meeting the power rates required in 
nissile applications within sizes and 
weights that are useful. However, an 
inalysis of the theoretical limit on the 
Jower rates that can be achieved by mov- 
ng conductor d-c motors shows that the 
ower rate tends to be proportional to the 
?R losses in the armature and independ- 
st of the motor size. The dimensions 
yf the armature tend to be fixed by arma- 
ure reaction and cooling considerations. 
Jsing these results, a specially designed 
i-c motor of reasonable weight and size 
was shown to be capable of meeting the 
mposed power rate requirements of a 
ather difficult missile application. Fi- 
ially, another type of electric actuator in 
he form of a reluctance-type motor has 
geen examined. Although this type of 
notor is capable of rather extreme power 
ates, it suffers from two serious dis- 
\dvantages: the need for special mechan- 
sms for converting oscillatory motion 
nto rotation, and the need for a power 
upply that isadjustable in bothfrequency 
nd current magnitude. 

This paper has shown that it is theo- 
etically feasible to develop electric actua- 
ts for missile applications insofar as 
ynamic performance and size and weight 
squirements are concerned. The over- 
Il systems problem including electric 
ergy sources and controls has not been 
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discussed, but this must be considered in 
each application before deciding whether 
or not to use electric actuators. 


Appendix 


The derivation of equation 8 is as follows. 
The basic expression for the torque de- 
veloped by the armature is 


Tu= Sf dvr X(jXBy)] (14) 


where j is the current density in the arma- 
ture shell and r is the radius vector to the 
volume element, dv, from a point on the 
axis of rotation. The other symbols have 
been previously defined; all symbols are 
defined in the nomenclature. The integra- 
tion is to be carried out over all of the arma- 
ture volume. Using the previously defined 
nomenclature the magnitude of the torque 
turns out to be 


Ty =2raparra®ArjBy (15) 


The moment of inertia of the armature, 
assuming that there is a thin shell, is given 
by 


(16) 


so that the torque-squared-to-inertia ratio is 


Ju =2rasazpmratAr 


Ty? 27ap?opre?Arj?B 7? 


17 
Ju arPm (17) 


The power dissipated in the armature is 
given by the volume integral 


Pr= Sdv(j’pr) 


For the shell-type armature under consider- 
ation the integration yields 


(18) 


Pp=2rapazprra?Arj? (19) 
Using this equation to eliminate 7 from 
equation 17 yields equation 10 since the 
torque-squared-to-inertia ratio is defined 
as the power rate Py. 

The constraint on the armature shell 
thickness Ar given by relation 11 is derived 
as follows. Referring to Fig. 5 the basic 
armature reaction constraint is 
Fa(max) > av f (20) 
which states that the maximum armature 
reaction mmf, Fa(max), wuder a pole shall be 
equal to or less than the field mmf, Sy, 
multiplied by a specified factor ag. In 
terms of the field flux density, By, and the 
armature shell thickness this expression be- 
comes 


(21) 


B 
Fa(max) <aa f agAr 
Ho 


since the air gap is assumed to be propor- 
tional to Ar. From Fig. 5 it is evident that 
the armature reaction mmf at the edge of 
the pole is given by 


maptq At] (max) 
Fa(max) ee eee re (22) 


(See page 312 for discussion) 
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Squaring both sides and using equation 19 
to eliminate 7 yields 


tap*ArPR(max) 


as Grex) a (23) 


2Np ARALPR 


Squaring both sides from equation 21 and 
using the value of Sg(max) given by equation 
23 yields equation 11 upon rearrangement. 


Nomenclature 


a,=peak load acceleration 

Rq=ratio of gearing 

vz =peak load velocity 

vu =peak motor velocity 

J;=moment of inertia of load 

Ju=moment of inertia of motor 

My =mass of motor 

Py=peak power rate of motor 

T,=peak torque of load 

Ty =peak torque of motor 

Pr=I*R loss in armature 

Yq =mean radius of armature shell 

pr=mean resistivity of armature shell 

Pm =mean density of armature shell 

By=mean field flux density under pole 

ap =fraction of shell under poles 

az=ratio of total inertia to that of armature 
shell 

Ar =thickness of armature shell 

ar=ratio of armature total resistance to 
that of shell 

Np =number of poles 

ap=rfatio of shell length to radius 

Mo =permeability of free space 

aq =ratio of maximum allowable armature 
reaction mmf under pole to field mmf 
under pole 

ag =fatio of air gap length to armature shell 
thickness 

Aé=temperature rise of armature shell 

as =ratio of total external armature surface 
to shell surface 

aq =fractional duty cycle 

U=over-all heat transfer coefficient 

Fq =armature reaction mmf 

j=current density in armature shell 

§,=field mmf under pole 
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Discussion 


N. F. Tsang (University of Arkansas, 
Fayetteville, Ark.); The authors have 
given an interesting approach to the 
solution of high performance actuators. 
In the specially designed shell-type servo- 
motor it may be noted that a very important 
design parameter is By, the air gap flux 
density. The allowable amount of total 
ampere conductors of the armature is 
proportional to the air gap magnetomotive 
force, which is in turn proportional to By. 
Hence the torque will be proportional to 
B;*, and Pm to By'. A 10% reduction in 
By would mean 34% in Pm, the performance 
factor. 

It would be enlightening if the authors 
would give a more detailed analysis of the 
magnetic circuit of the specially designed 
motor, stressing the following points: 


1. Shape and magnetization of the per- 
manent magnet. 

2. Leakage fluxes. 

8. Flux reduction due to field distortion. 


It seems somewhat doubtful that the 
assumed By of 1 weber-meter? could be 
attained with Alnico V in the design shown. 
Even though it cannot be realized, some 
other material, such as Ticonal or Aleomax, 
may be considered, or the magnetic circuit 
reshaped, or both. 


G. C. Newton, Jr., R. W. Rasche: The 
shape and size of the permanent magnet 
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shown is intended to represent a minimum 
size permanent magnet for the device 
proposed. We recognize that some pole 
shaping or other means of field compensa- 
tion or concentration might be required. 
It is felt, however, that such changes would 
not result in any appreciable size or weight 
change. Since the application considered 
in the paper was an extremely stringent 
one, the conclusions of the paper would 
not be affected by minor dimensional 
changes in the device proposed, or for that 
matter, by an appreciable degradation of 
the performance characteristics of the ac- 
tuator. 

The magnetic circuit analysis is based 
on the assumption that the mmf producing 
the air gap flux is developed primarily in 
the side legs of the magnet. The additional 
magnetic material will only increase air 
gap flux. The cross-sectional area of each 
leg is 0.6 Ag where Ag is the cross-sectional 
area of the air gap under the pole face. 
A leakage factor of 1.2 is assumed. Fring- 


ing is neglected. (ote) 
Using 
ByA 
Ba _IByAg (24) 
Am 


where Bm is magnet flux density in side 
legs, f the leakage factor, Ag the cross- 
sectional area of air gap under pole face, 
and A,» the cross-section area of magnet 
side legs, and realizing that, by design, 

=1.2A, (25) 


The required flux density is 
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_(1.2K1.0\(4y) 


= = 1.0 weber-meter 2 
4 1.2(A,) 


Reference to B-H curves for Alnic 
shows 1.0 weber-meter~? correspor ds 
Hm equal to 35,000 ampere turns 
meter}. 

The total gap width is 


2a gAr=0.005 m 


The required length of magnet is 


af ByQagArX 107 


or 


__ (1.0)(.005) x 107 
™"— 4r(35,000) 


The effective length of each side le 
at least 0.11 m depending on how muc 
the pole pieces are considered. Thus 
felt that the resultant gap flux d 
will sufficiently exceed 1.0 weber-met 
to allow for distortion effects. Additi 
material in the side legs could imp: 
this figure by 25%. : 

It should be noted that equation 1 
the result of an armature reaction ¢ 
straint. This constraint can be given | 
value, but it is our opinion that a valu 
aq of 0.5 will result in sufficiently 
distortion to assure satisfactory operati 

The suggestions of Mr. Tsang as tc 
use of Ticonal or Alcomax are val 
are much appreciated. 


=0.11 m 
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